FOURIER SERIES XI: GIBBS® PHENOMENON

By Kazuo IsHIGURO

1. Concerning the Gibbs phenomenon of Fourier series, H. Cramér [1]
proved the following

THEOREM 1. There exists a number r,, 0 < v, < 1, with the following property:
If f(x) is simply discontinuous at a point &, the (C,r) means o, (x) of the Fourier
series of f(x) present Gibbs' phenomenon at & for v < r,, but not for r = 7,.

We shall extend this theorem to the discontinuity of the second kind. In
this direction S. Izumi and M. Saté [2] proved the the following

THEOREM 2. Suppose that

(1) f(x) =ap(x— &) + g(x),
where ¢ (x) is a periodic function with period 27 such that
(2) d(x) = (wr —x)/2 (0 < x < 2m)
and where
limsup g(x) =0, liminf ¢g(x) =0,
(3 ) E2% ztE
liril;ignf g(x)= —an, linmlrsgup g =< an,
(4) S:ly(5+u)ldu=0(‘x‘>,

then the Gibbs’ phenomenon of the Fourier series of f(x) appears at x = €.

We shall prove that Theorem 1 holds even when & is the discontinuity point
of the second kind, satisfying the condition in Theorem 2. More precisely,

THEOREM 3. Suppose that

(1) flx) =ad(x— &) + g(x),
where ¢ (x) is a periodic function with period 27 such that
(2) d(x) = (r —x)/2 (0 < x < 27)
and where
lim sup g(x) =0, liminf g(x) =0,
(3 ) 2 E ztE
limliénf g(x)= — an, listsup gx=Zan,
(4) [lg(g +wlau=o(x).
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