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INTRODUCTION. Recently the author
has established the following crite-
rion for ergodicity of the measure-
preserving flow on the torus®’

Let Sl be a torus whose points
can be represented by the coordina-

tes ¢x,y), o ¢ %,y <am o Let St
be a one-peremeter stationary flow
on S defined by
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where X and Y are one-valued
real functions on having conti~-
nuous first derivatives. If
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St is measure-preserving, or, in
other words, differential equations
(1) admit an integral invariant

§f ax 43

In this case, Se is ergodic
if and only 1if

1) X and Y have no common zero
points, and

2) fx.n«, %o, fj Yaxdy %o,
“j x«d;/j J\(«q, is an 1r-

rational number,

This criterion can be immediate-
ly generalized to the case when S,
admits an integral invariant

j“‘r(%,*) 4 da,

where Pexy is a positive
definite function on Sg. having con-
tinuous first derivatives. In such
a case, we have

(PX) + P =0
Ix (24 ‘
Hence by the similar discussion,

we can easily show that S, 1is
ergodic if and only if

1) X and Y have no common zero
points, and
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2) fj’px«xaat-o S‘SPYuxdg#o
and S erdxdz/jjp‘(Axd} is an

irrational number.

In this paper, we apply this
criterion to several dynamical sys-
tems of two degrees of freedom and
prove the existence ot ergodic or=-
bits.

EXAMPLE 1. Combination of two
simple harmonic motions.

Consider the particle of unit
mass on (x, ., -plane moving under
the force (-«'x, -g*%) . In this
case, the particle generally des~
crives a complicated path known as
Lissajous' figure.

If we write

d
fx’%, faaa%)

the Hamiltonian of the system is
given by

{ 22 a
H= ;:(h:+ 6L+'%x +F3’L

As is well known, this system ad-
mits two independent integrals

o+ xt= ot
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where €,>0 , €,>° are integration
constants., The integral surface
defined by the above formulae is
evidently homeomorphic to the torus.
If we put

b= € cos @,
Py=Cies®, By=ceng,
the position of a point on this sur-

face is represented by (6,¢¥) ,0¢e,
9 < 21« Equations of motion

are
ds _ ¢
d—t-d) 4t=9'

AX=C sin®
! ]

Hence the system is ergodic if and



