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1. Introduction

S. S. Chern and R. S. Hamilton in a paper of 1985 [5] studied a kind of
Dirichlet energy in terms of the torsion τ(τ=Xξg) of a 3-dimensional compact
contact manifold and a problem analogous to the Yamabe problem. They raised
the question of determining all 3-dimensional contact manifolds with τ—Q (i.e.
K-contact). In a long paper of 1989 [8] S. Tanno studied the Dirichlet energy
and gauge transformations of contact manifolds. D. E. Blair [2] obtained the

critical point condition of I(g)=\ Ric(ξ)dVg over JM(η) (the space of all the as-
J M

sociated metrics), and proved that the regularity of the characteristic vector
field ζ and the critical point condition force the metric to be K-contact. Since
Ric(ξ)—2n —1/41r|2, the study of I(g) is the same as the study of the Dirichlet
energy. In this paper we investigate the second variation and prove the follow-
ing result.

THEOREM 2. Let M2n+ί be a compact contact manifold. If g is a critical

metric of the Dirichlet energy L(g)=\ \τ\2dVg, i.e. FξLξg=2(Xςg)φ, then along
J M

any path gij(t)=g,rLSrj+tH'j+t*K'j+O(t3)'] in 3ί{η)

and L(g) has minimum at each critical metric.
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2. Contact manifolds

A C°° manifold M2n+1 is said to be a contact manifold if it carries a global
1-form η such that ηΛ(dη)nΦ0 everywhere. Given a contact form η it is well
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