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ON A CERTAIN HYPERSURFACES OF R2m+ι

BY YOSHIO MATSUYAMA

Introduction

It is a well-known theorem of Reeb (See [3], p. 25) that if a compact differ-
entiable n-manifold M admits a Morse function with exactly two critical points,
then Mis a topological sphere.

Recently, Nomizu and Rodriguez [4] showed the following results as their
geometric nature: Let M be a connected Riemannian n(n^2)-manifold isomet-
rically immersed in a Euclidean m -space Rm and / its isometric immersion. Put
Lp(x)=(d(f(x), p))2 for p<=Rm, xeM, where d is the Euclidean distance function,
(a) If M is complete, and there exists a dense subset D of Rm such that every
function of the form Lp, p^D, has index 0 or n at any of its nondegenerate
critical points, then M is totally umbilical in Rm, i. e., M is isometric to a
Euclidean π-subspace or a Euclidean n-sphere in Rm. (b) If M is compact, and
there exists a dense subset D of Rm such that every function of the form Lp,
p^D, has exactly two critical points, then M is isometric to a Euclidean n-
sphere.

In the present paper we shall prove the following result.

THEOREM. Let M be a connected, complete Riemannian 2m (m^2)-manιfold
isometncally immersed in R2m+1 with constant mean curvature. If there exists a
dense subset D of R2m+1 such that every function of the form Lp, p^D, has index
0, m or 2m at any of its nondegenerate critical points, then M is isometric to a
Euclidean 2m-subspace R2m, a Euclidean 2m-sphere S2m in R2m+1 or the product
RmXSm of an m-subspace Rm of R2m+1 and a sphere Sm in the Euclidean subspace
perpendicular to Rm.

When we consider the problem similar to (b) to obtain a result that M is
isometric to S2m or RmxSm, it seems to be the natural condition that Mis com-
plete and there exists a dense subset D of R2m+1 such that every function of
the form Lp, p^D, has two critical points ([1], pp. 714-715).

1. Preliminaries

Let / be an isometric immersion of a connected Riemannian 7x-manifold M
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