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Sobolev inequalities for Riemannian submanifolds have applications to iso-
perimetric inequalities, estimates of the first eigenvalue, and the stability of
minimal submanifolds. Here we give an improvement of constant of the Sobolev
inequality by Hoffman-Spruck-Otsuki and apply it to the stability of minimal
submanifolds.

Since the estimates of stability using the Sobolev inequality require the con-
dition that the volume of a domain $D$ is very small, our improvement is now
effective. Especially, for the case where dim $D=2$, to get stability estimate one
needs additional estimates, $i$ . $e.$ , the estimation of the first eigenvalue. So Hof-
fman’s stability theorem (Theorem 5, (ii), [1]) contains much loss. In this article
we carry the volume estimation and we get a nice improvement as Theorem D.
As a corollary we obtain

COROLLARY. Let $M$ be a minimal surface of a unit sphere $S^{n}$ and $D$ be a
compact domain of M. If

$\int_{D}(4-2K)^{2}dM<1/2c_{3}(2, \alpha_{2})^{2}$ ,

then $D$ is stable in $S^{n}$ , where $K$ denotes the Gauss curvature of $M$ and

$\alpha_{2}=(9-\sqrt{57})/2$ ,

$\gamma^{-1}=\{Vol(D)/(1-\alpha_{2})\pi\}^{1/2}$ ,

$c_{3}(2, \alpha_{2})=\gamma\cdot\sin^{-1}(1/\gamma)\cdot 2(3-\alpha_{2})/\alpha_{2}(1-\alpha_{2})^{1/2}\pi^{1/2}$ .

\S 1. Sobolev inequality for submanifolds.

First we state a Sobolev inequality for submanifolds obtained by D. Hoffman-
J. Spruck [2] and T. Otsuki [4]. Let $Marrow\overline{M}$ be an isometric immersion of a
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