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Introduction.

Let $\mathfrak{K}$ be a separable c\={o}mplex Hilbert space and $\{\mathfrak{K}_{n}\}_{n\in Z}$ be the c\={o}untable
family \={o}f c\={o}pies \={o}f $\mathfrak{K}$, where $Z$ is the set \={o}f all integers. Let $\mathfrak{H}$ be the direct
sum $\sum_{n\in Z}\oplus \mathfrak{K}_{n}$ \={o}f $\{\mathfrak{K}_{n}\}_{n\in Z}$ . A unitary \={o}perat\={o}r $U$ \={o}n $\mathfrak{H}$ is called a shift \={o}perat\={o}r

if $U$ maps $\mathfrak{K}_{n}$ \={o}nt\={o} $\mathfrak{K}_{n+1}$ f\={o}r all $n$ in $Z$ . We den\={o}te by $S$ the shift \={o}perat\={o}r

on $\mathfrak{H}$ :
$x=\sum_{n\in Z}\oplus\xi_{n}\rightarrow y=\sum_{n\in Z}\oplus\eta_{n}$ ,

where $\eta_{n}=\xi_{n-1}$ .
A study \={o}f invariant subspaces \={o}f the shift \={o}perat\={o}r $S$ was \={o}riginated by

the Beurling’s paper [2], in which he c\={o}mpletely described the structure \={o}f

invariant subspaces \={o}f the unilateral shift \={o}perat\={o}r \={o}f multiplicity \={o}ne. The s\={o}-

called Beurling’s the\={o}rem f\={o}r invariant subspaces was stated in Hels\={o}n [4] and
Halm\={o}s [3]. They dem\={o}nstrated the the\={o}rem fr\={o}m ge\={o}metric c\={o}nsiderati\={o}n in
c\={o}ntrast t\={o} a functi\={o}n the\={o}retic pr\={o}\={o}f by Beurling. Halm\={o}s, in his paper [3],
c\={o}nsidered the case \={o}f c\={o}untable (and finite) multiplicity and n\={o}ticed that the
study \={o}f shift-invariant subspaces might be useful f\={o}r the case \={o}f general b\={o}unded
linear \={o}perat\={o}rs \={o}n a Hilbert space. The w\={o}rks [6], [7] \={o}f McAsey, Muhly and
Sait\^o were the first attempt t\={o} characterize invariant subspaces \={o}f a family \={o}f

shift \={o}perat\={o}rs. But they seem t\={o} study n\={o}n-self-adj\={o}int algebras rather than
invariant subspaces. Thus the underlying Hilbert space in their paper heavily
depends \={o}n the structure \={o}f algebras.

Our purp\={o}se is t\={o} study the structure \={o}f invariant subspaces \={o}f a family $S$

of shift \={o}perat\={o}rs \={o}n a given Hilbert space. In \={o}ur discussi\={o}n, we use ge\={o}metric
meth\={o}ds in the the\={o}ry \={o}f \={o}perat\={o}r algebras as in [6] and [7]. In the present
paper, we give a necessary and sufficient c\={o}nditi\={o}n f\={o}r a family $S$ under which
every invariant subspaces is \={o}f Beurling type. The c\={o}nditi\={o}n, \={o}f c\={o}urse, is
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