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Some theorems on projective hyperbolicity
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Let $M$ be a manifold with a torsionfree affine connection $\Gamma$. For such a $\Gamma$,
S. Kobayashi has recently introduced in [Ko 4] a pseudo-distance $p$ which
depends only on the projective structure of $\Gamma$, or what is the same thing, on
the normal projective connection induced by $\Gamma$ (cf. [Ko 2], Proposition 7.2 or
[K-Na]). Call $\Gamma$, or simply $M$ when $\Gamma$ is understood, (complete) projective-
hyperbolic if and only if $P$ is a (complete) metric, $i$ . $e$ . $p(x, y)=0\Rightarrow x=y$ for all
$x,$ $y\in M$. Then Kobayashi and T. Sasaki have proved the following theorems:

(A) $([Ko4])$ . If $M$ is a (complete) Riemannian manifold whose Ricci cur-
vature is bounded above by a negative constant, then $M$ is (complete) projective-
$hyPerbolic$ .

(B) ([K-S]). If $M$ is a manifold with a complete torsionfree affine connec-
tion whose Ricci tensor is positive semi-definite, then $P$ is identically zero.

These results are parallel to what is known or what is expected to hold for
the Kobayashi metric on complex manifolds (for (A) see $[K1]$ , Theorem 4.11
on p. 61; for (B) see [G-W 1], Conjecture la on p. 79). By contrast, we shall
prove the following theorems.

THEOREM 1. Let $M$ be a manifold with a torsionfree affine connection whose
Ricci tensor Ric is negative semi-definite. SuPpose for each maximal geodesic
$\gamma:J\rightarrow M$ where $J$ is an open interval in $R,$ $Ric(\dot{\gamma},\dot{\gamma})$ is never identically zero.
Then $M$ is Projective-hyperbolic.

THEOREM 2. Let $M$ be a $comPact$ Riemannian manifold with quasi-negative
Ricci curvature ( $i$ . $e$ . everywhere nonpOsitive Ricci curvature which is in addition
negative in all directions at a Point). Then the grouP of prOjective transforma-
tions is finite.

Theorem 2 extends the theorems of Couty [C] and Kobayashi [Ko 4] who
proved under the assumption of negative Ricci curvature that this group is
discrete and finite, respectively. The analogous fact of Theorem 1 for the
Kobayashi metric on complex manifolds is completely false. For instance, there
are complete Hermitian metrics on $C$ of negative curvature, yet the Kobayashi
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