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Change of variables in the multiple Lebesgue integrals.

Masatsugu TSUJI.
(Received April 4, 1948)

Rademacher’S theorem1) on the change of variableS in the multiple
LebeSgue integralS, though very important, iS not found in any book on
the theory of functionS of real variableS, So that I will give a Simple proof
of it in the following lineS.
Let $D$ be a domain in the $(\chi_{l}\ldots\ldots,\chi_{n})$ -Space and $\Delta$ be one in the $(u_{1},\ldots\ldots,u_{n})$

-Space and $D$ be mapped on $\Delta$ topologically by

$T$ : $u_{i}=f_{i}(x_{1},\ldots\ldots,x_{n})$ , (1)

$T^{-1}$ : $x_{i}=\varphi_{i}(u_{1},\ldots\ldots, l1_{n}),$ $(i=1,2,\ldots\ldots,n)$ ,

where $f_{i}$ and $\varphi_{i}$ are continuouS in $D$ and $\Delta$ respectively.
If any meaSurable Set in $D$ iS mapped on a meaSurable Set in $\Delta$ , then $T$

iS called a meaSurable mapping. It iS well $known^{\underline{o}}$) that the neceSSary and
Sufficient condition that $T$ iS a meaSurable mapping iS that any null $Set^{z\rangle}$

in $D$ iS mapped on a null Set in $\Delta$ .
Theorem 1 $1f$ at every point $(x_{1},\ldots\ldots,x_{n})\in D$,

$\varlimsup_{h_{1^{2}}+\cdots+h_{n}^{2}\rightarrow 0}\frac{|f_{i}(x_{1}+/l_{1},\ldots,X_{n}+/\iota_{n})-f_{i}(x_{1},\ldots,x_{n})|}{\sqrt{/l^{2}+\ldots+/l^{2}},1n}$

$=L_{i}(x_{1},\ldots,x_{n})<\infty$ $(i=1,2,\ldots\ldots,n)$ , (2)

then $T$ is a measurable mapping.
Proof. We defin. $e$ a Set $A_{k}(k=1,2,\ldots)$ of pointS $(x_{1},\ldots,x_{n})$ by the condition

(1) Rademacher: Uber die partielle und totale Differentierbarkeit von Funktionen me-
hererer Veranderlichen und uber die Transformation der Doppelintegrale. Math. Ann. 79.

(2) Rademachc $r$ : Eineindeutige Abbildung und Messbarkeit. Monathefte $f$ . Math. $u$ .
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(3) A set is called a null set, if its Lebesgue measure is zero.
(4) Rademaclier. 1. $c$ . (1)

$,$ (2).


