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On the cohomology theory of rings.

By Yukiyosi KAWADA.

(Rcccived $()_{\llcorner}\downarrow$ . $ 2\cdot$) 1947.)

Recentty G. IIochschild has developed thc thcory of cohomology groups
of associativc $algebra^{1}s^{1)}$ . Wc shall consider in this I aper some problems
concerning $t1\iota c^{\backslash }$ coItomology groups of rings. Especially sve shall be able
to characterize the vanishing of $H_{n}(R, m)$ for cvery R-R-module $m$ in thc
case $n=1$ and 3 by the cxtension properties (Thcorcm 6 and 8).

In \S 1 llccessary definitions frorn $Hocllscl\iota ilds$ theory are given. \S 2
conccrns the $C_{-\backslash }^{\backslash tension=}$ of R-R-modules. In \S 3 wc $dcf_{111G}^{-}$ a useful tIlRl)ping
$F_{\tau}$ of $H_{n}(R, m)$ to $H_{n,+},(R, n)$ for any R-R-modulcs $m$ and $n$ , which is
a generalization of the $f_{U\downarrow 1}da\iota 11C\downarrow lta1$ isomorpbism of Hochschild. In \S 4 wc
considcr thc special cxtcnsion problcrn, which corrcsponds to the Teich-
m\"ullcr’s thcory for $si_{\ln_{1)}}1ealgcbr_{c1S^{-)}}’$ . Thcsc considerations can also be
$a\})1)licd$ to I.ie algcbras, as I $i$; all show in anothcr papcr.

\S 1. Defnitions of the cohomology groups of rings.
I.ct $R$ bc $c’\iota rin_{\backslash }(r$ and $m$ an R-R-modulc. Namely, rve suppose that

cuii, $vlb(/Jim, t\iota, \delta cR)$ belong to $m$ , are lincar, distributivc in $c\iota,$
$\delta,$ $m$ , and

satisfy thc associative lqw $tl([);)=(n\delta)//l,$ $(;/m^{\backslash })\delta=m(nb)’’(a/n)b=a(m\delta)$ .
Wc call an element $f_{t}$,cm a 0-p $ocl_{l}ain$ , and $f_{Jl}$ $(tl_{1}$ , ......, $a_{n})\epsilon m(a_{i}\epsilon R)$ , which
is linear with rcspect to $n_{1}$ , ......, 4,,, a $n- coc/\iota ai’\iota(n\geqq 1)$ . We denote
the module of all n-coc} ains by $L_{\iota}(R, m)$ . Moreover, we define the $ co\rightarrow$

$\delta opl\prime yope’ J^{\prime}\iota\iota tor\grave{o}J_{l}^{-}=f_{+i}(f_{n}cL_{\iota}(R, m),$ $f_{J\iota\vdash 1}eL_{\iota\vdash\rfloor}(R, m))$ by

$(\delta f_{n})(cl_{1}$ , ......, $ae_{l+\rfloor})=a_{J}^{\backslash }f_{ll}(’\iota_{-}’$ , ......, $tl_{l_{\mathfrak{l}}}\downarrow)+\underline{\backslash \rceil}7\epsilon l=\iota(-I)^{k}f_{h}(\ell t_{1}$ ,
......, $\ell\iota_{k}(\iota_{k+1}$ , ......, $\iota x_{\iota\dashv J})+\cdot(-|)^{!l}|f_{\iota}(a_{1}$ , ....... $c\iota_{n})a,.+l$ . (1)

Then $\delta$ is a lincar mapping and satisfies the relation $\delta(\grave{o}f_{n})=0$ for any $f;_{l}$ .
We call an clemcnt $f_{\iota}$ with $\delta f_{\iota}=0$ an n-cocycle $(u\underline{>-}0)$ and an element $f_{n}$

$wi$ th $f_{\iota}=\delta g_{\iota-1}(n_{---}’\backslash |)$ an n-c $y_{\iota}^{\prime}’)^{\prime}/mf_{l/}\prime y$ . We dcnote the module of all n-
cocycles (n-cuboundarics) by $C_{n}(R, m)$ $(B_{n}(R, m))$ . And we define the
ii-cohom )$log)^{\prime}g_{tJ}u_{l}H_{n}(R, m)=C_{\iota}(R, m)/^{\prime}B_{n}(R, m)^{\prime}(n_{---}\geq 1)$ .

\S 2. Extension of $R- R$-module and $1$ -cohomology group $H_{1}(R, m)$ .
Def. $I_{\lrcorner}etn\ddagger,$ $n$ be $t_{1}voR- R- n1^{\prime}od\iota i1es$ $lVe$ call $aI_{\grave{1}}$ another R-R-module

$M$ an $ c.\iota^{\prime}cnsi\prime\prime$ of $mI^{y}yn$ , if (i) $M\supset n=$
’ (ii) $M/n_{=}^{-}m$ (as $R- R\backslash $-module), (iii)


