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On the differentiability and the representation of
one-parameter semi-group of linear operators.
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1. The theorems. Let $\{U_{\ell}\}|$ $0\leqq t<\infty,$ be a one-parameter semi-
group of linear ( $=ad\dot{d}$ itive, continuous) operators from a complex Banach
space $E$ to $\Gamma_{d}^{\gamma}$ :

$tU_{t}U_{s}=U_{t+\delta}\cdot,$ $U_{o}=I$ ( $=the$ identity operator), $(1 \cdot 1)$

such that

$su_{f)}t\Vert U_{t}\Vert<1=$ ’ $(1 \cdot 2)$

$\lim_{t\rightarrow t_{O}}C^{\gamma_{t}}x=U_{t_{O}}x$
($\lim=strong$ limit), $\dot{0}\leqq t_{o}<\infty,$ $x\epsilon E$. $(1 \cdot 3)$

The purpose of the present note is to prove the following two theoremsl).

$\mathcal{I}/\iota\ell or_{l}’ m$ I. If $’\iota vcdeno;_{)}te$ by $Dt/l\mathcal{E}$ totality of $\chi$ for $’\angle v^{l_{l}}ic_{J}^{r_{l}}$

$w\ell af_{\nu}^{7}h_{l1l}/l^{-1}(U_{h}-I)x=Ax$ $(1 \cdot 4)$

$h+0$
$\{$

$ex\iota sts$ , elzen $D$ is $di’ nse$ in E. $1VIorl$ over $A$ is a clos$ed$ additive operator from
$-$

$D$ to $E\prime z\iota\prime it/\iota t/lel^{r/J}l^{erti\ell s:}$

for a$nyx\epsilon D,$ $l_{h\rightarrow 0}in\iota/\iota^{-1}(U_{t+h}-U_{t})x=AU_{t}x=U_{\ell}Ax$ , $(1 \cdot 5)$

$t/\iota ere$ exists a $sc’ qupnce\{I_{n}\}$ of linear operators cack $co$mmutative
with $e\ell/\ell ryU_{t}$ and A suelt $tl\iota at$ i) the range $R(I_{n})=\{I_{n}x$ ;
$x\epsilon E\}=\subset D,$ $AI_{n}=n(I_{n}-I)$ , ii) $\Vert I_{n}\Vert\leqq 1,$

$\lim_{n\rightarrow\infty}I_{n}x=x,$
$iii$) $U_{\ell}x$

$=\lim_{n\rightarrow\infty}exl(tAI_{n})x=\lim_{n\rightarrow\infty}\sum_{m=0}^{\infty}(m!)^{-1}(tAI_{n})^{m}x^{\prime}umform[\parallel for$ $t$ in

any finite interval 2)
$(1 \cdot 6)$

$||(A-nI)x\Vert\geq n\Vert x||(n=1,2^{1}$ , ...... $)$ for $\chi\epsilon D$ and the $ra\tilde{n}_{\delta^{0}}e$

$R(A-nI)$ coinsides $w$itlt $B(n=1,2$ , ...... $)$ , $(1 \cdot 7)$

let, by $(1 \cdot 7),$ $y$. be the unique solution of $(A-nI)y_{n}=y(n=1$ ,
2, ......), tlten

$\lim_{n\rightarrow,\infty}A(-ny_{n})=\lim_{n\rightarrow\infty}(-n(y+ny_{n}))=A\parallel for$
$ye$D.

$(1 \cdot 8)$

$T/leorcm2$ . Let, coizversely, $A$ be an addilive operator from a dense


