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Introduction.

In [3], Dynkin classified all the semi-simple subalgebras of finite dimen-
sional complex semi-simple Lie algebras. There, a special kind of subalgebras
with compatible root space decompositions, called regular semi-simple subalge-
bras, played an important role.

In this paper, we treat a Kac-Moody algebra with a symmetrizable gener-
alized Cartan matrix (=GCM), and study its regular subalgebras, defined as a
natural infinite dimensional analogue of Dynkin’s ones. Though being no more
isomorphic to Kac-Moody algebras in general, these regular subalgebras are
isomorphic to generalized Kac-Moody algebras (=GKM algebras) introduced by
Borcherds [17.

We now give a constructive definition of regular subalgebras. Let g(A) be
a Kac-Moody algebra with a symmetrizable GCM A4, %) be a Cartan subalgebra
of g(A), and 4 be the root system of g(A). A subset {Bi, -, Bm, Bm+1» >
Bn+r}C4 is called fundamental if it satisfies the following three conditions (see
Definition 5.2):

(1) {B.}7Hch* is a linearly independent subset;

(2) Bs—B:EAU{0} A<s#t<m+k);

(3) B:is a real root (1=7<m) and B; is a positive imaginary root

(m+1=<j<m+k).
Let § be a subalgebra of g(A) generated by root vectors attached to each root
+B, (1<r<m-Fk) and a certain vector subspace §), of ). Then, § is canonically
isomorphic to a GKM algebra (see Theorem 5.1). We call this subalgebra § a
regular subalgebra of g(A) after Dynkin.

The above definition of a fundamental subset and the construction of a
subalgebra § are generalizations of those by Morita in [8]. There, he con-
sidered only the case all 8, are real roots (i.e., k=0 in the above notation) and
constructed a subalgebra §, which coincides with the derived algebra [§, §] of
the above §, in order to introduce certain subsystems of the root system 4 of



