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Fig. 1. Consider, in fact, the sublattice $S=\{a_{n}(;=0,1,2,\cdots\cdots)\}$ .
Since the sublattice generated by $S$ and $b_{n}$ contains all $b_{m}(\prime n\geqq n),$ $S$ cannot
{be extended to a maximal proper sublattice.

Let $L$ be a lattice, $S$ a proper sublattice of $L$ and $x$ an element of
$L-S$. $M_{x}(S)$ denotes a maximal subset among all the subsets of $L$ con-
taining $S$, such that the sublattices generated by them do not.contain $x$.
NVe shall write $M$ for any $M_{x}(\phi)$ , where $\phi$ is the empty set. The exis-
tence of $M_{x}(S)$ is assured by Zorn’s lemma and it is evidently one of $M$ .

Lemma: A maximal proper sublattice of $L$ is $cha1^{-}actelized$ as a
maximal subset of $L$ among all the subsets $M$ satisfying the following
condition.

$(^{*})$ There exists an element of $L$ which is not contained in the
sublattice generated by $\lrcorner\nu I$.

Proof: A maximal ua is a proper sublattice. Since every proper sub-
lattice satisfies the condition $(^{*})$ , a maximal $M$ is a maximal proper
sublattice.

A maximal proper sublattice $\Lambda^{\gamma}$ satisfies th $e$ condition $(^{*})$ . Since every
sublattice generated by a subset satisfying the condition $(^{*})$ is a proper
sublattice, $1V$ is a maximal $M$. Q. E. D.

Corollary: A maximal proper sublattice is $ch_{afaCte1}i_{Z}ed$ as a maximal
element of the set of all $M,$ $x\in L$ .

Theorem: Let $L$ be a Boolean algebra with 1 and $O$ . Then evely

proper sublattice $S$ of $L$ can be extended to a maximal $p_{1}$ oper sublattice.


