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On Baire’s Theorem concerning a Function $f(x,y)$, which
is Continuous with respect to Each Variable $x$ and $y$.

Masatsugu TSUJI.
(Received Jun. 14, 1949)

The purpose of this paper is to give a simple proof of the following
Baire’s theorem1).

Theorem. Let $f(x, y)$ be defined in a square $\Delta:0\leqq x\leqq 1,0\leqq y\leqq 1$

and be continuous $7vith$ respect to $e$aclt variable $\chi$ and $y$ . Tlten there exists a
set $X$ on the x-axis, wkick is dense on $\lfloor 0,1$ ], such that for any $x_{0}\in X$,
$f(x,y)$ , considered as a function of $l_{\iota}^{r}vo_{L}^{\prime}/aribles(x, y)$ , is continuous at everypoint
of $t\gamma_{lC}$ segment $x=x_{0},0\leqq y\leqq 1$ . Similarly there exists a set $Y$ on $tJ_{l}e$

y-axis, $whic/l$ is dense on $[0,1],$ $ suc/\iota$ that for any $y_{0}\in Y,$ $f(x, y)$ is con-
tinuous on the segment $y=y_{0},0\leqq x\leqq 1$

Proof. We will prove th $e$ existence of the set $X$, which satisfies the
conditions of the theorem. The existence of the set $Y$ can be proved $simi\rightarrow$

larly.
We define $f_{n}(x, y)(n=1,2\cdots)$ in $\Delta$ as follows:

$f_{n}(x,y)=f(x,\frac{\nu}{2^{n}})+\frac{f(x,\frac{\nu+1}{2^{n}})-f(x,\frac{\nu}{2^{n}})}{1}(y-\frac{\nu}{2^{n}})$

(1)

$\overline{2^{n}}$

for $0\leqq x\leqq 1,\frac{\nu}{2^{n}}\leqq y\leqq\frac{\nu+1}{2^{n}}$ , $(\nu=0,1,2,\cdots\cdots,2^{n}-1)$ .

Then $f_{n}(x, y)$ is continuous in $\Delta$ and

$f(x, y)=\lim_{n\rightarrow\infty}f_{n}(x, y)$ , (2)

$\lim_{91\rightarrow\infty}\lceil_{0\frac{<M_{l}}{-}\leqq}a_{1}x$
. $\lfloor f(x, y)-f_{n}(x, y)|$ ] $=0$ , for a fixed $x$ . (3)

From (2), it follows that $f(x, y)$ is of the first class of Baire.
For a fixed $\epsilon>0$ , we define a set $E_{n}(\epsilon)$ on the x-axis by

$E_{n}(\epsilon)=E_{x}[{\rm Max}. |f(x, y)-f_{n}(x, y)|\leqq\epsilon]$ , (4)
$0\leqq y\leqq 1$
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