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A Theorem on compact semi-simple groups

Morikunt Goto
(Received Sept. 17, 1948) .

Let G be a topological group. We shall denote by D(G) the closure
of the commutator subgroup of G, and call a connected compact group semzi-
simple if D(G) coincides with G. A connected compact Lie group is semi-
simple in our sense if aud only if itlis a semi-simple Lie group. We note
here the fact that any factor group of a connected compact semi-simple
group is also semi-simple. In the present note we shall prove the following.

Theorem. Let G be a connected compact semi-simple group. 7Then for
any element x of G theve corvesponds a pair of elements y and z such that

x=y 27 yz.

Similar results have been obtained by K. Shoda” for the special linear
group over an algebraically closed field, and recently by H. Toéyama® for
some types of compact simple Lie groups. Our theorem is an extension of
the theorem of Toyama. '

In order to prove our theorem we shall first prove a special case,
namely the following ’

Lemma. Lot G bc a connected compact scmi-simple Lic group. Then
any clement x in G is yepresentable in a form y7'z7'ys for suitably cnosen
clements y and z.

Proof let A be a maximal connected comfnutative subgroup of G.
Then A4 is a closed toroidal group,” and any element of G is known to be

conjugate with some element of 4. Hence it is sufficient to prove the case
when x is contained in A.

Now we introduce a system of canonical coordinates in A. Then any
a of A is given by its coordinates :

a=a(p), ¢=(Pi-----, Pn)-
where ¢, varies over all real numbers mod. 1. Let now A be the nor-
malizer of 4 in G. The transformation by an element %2 of A induces a
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