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A Theorem on Riemann Sum.
Notes on Fourier Analysis (Xlll)

TAMOTU TSUCHIKARA.

Let us consider the series

$f(x)=\sum_{n=1}^{\infty}\frac{\cos llX}{pl^{l}}$ $(0<a<\frac{1}{2})$ ,

and let $f_{n}(\tau)$ be its n-th Riemann sum, i.e.

$f_{n}(x)=\frac{1}{n}\sum_{;_{\vee\cdot=1}}^{n}f(x+2\pi\frac{k}{n})$

Since $f(x)$ is of order $1/\chi^{1-\alpha}$ in the neighbourhood of the origin, we have

$\lim_{n\rightarrow\infty}\sup f_{n}(x)=\infty$

for almost all $x$, by the theorem due to J. Marcinkiewicz, A. Zygmundl)
and H. $Ursel1^{\underline{\varphi}}$)

Connected with this fact it may be of some interest to prove the
following

Theorem. $I/tf(x)$ be a $fu$nction $inte_{5}\sigma ra\backslash \prime l[e$ in $(0,2\pi)$ and of period
$ 2\pi$ . Let $f_{n}(x)$ be $i\prime s$ Riemann sum and its Fourier series $b$,

(1) $f(x)\sim\frac{1}{2}a_{0}+\sum_{n=1}^{\infty}$ ($a_{n}\cos nx+b_{n}$ siti $nx$)

$Jjt/te$ Fourier coefficients $sa\iota isfyt$; condition

(2) $\lim_{n\rightarrow\infty}\sum_{\nu=1}^{\infty}(|a_{n\nu}-a_{n(\nu+1)}|+|b_{n\nu}-\gamma_{J_{n(\nu+1)}}|)=0$ ,

in particula” if
$\sum_{n=1}^{\infty}(|a_{n}-a_{n+1}|+|b_{n}-\delta_{n+1}|)<\infty$ ,

or if $tt$ na}, $|b_{n}$ } are $non- increasi’/g$ spquences, $tf_{l}en$ for alvzost all $x$ ikere
exists a sequence of integers $\{m_{k}\}$ (depending on x) $s:\ell c\nearrow l$ iltat

$\lim_{k\rightarrow\alpha}f_{m_{k}}(x)=\int_{0^{\pi}}^{1}\underline{o}f(x)dx$
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