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On linearly ordered groups.

By Kenkichi IWASAWA.

(Received Sept. 1, 1947.)

A group $G$ is called a l.nearly orcleretl group ( $=1.0$ . group), when in
$G$ is defined a linea.r order $a>b$ , preserved under the group multiplication:

$a>b$ implies $ac>bc$ and $ca>cl$ for all $c$ in $G$ .

A.typical example is the additive group $R$ of all real numbers with
respect to the usual $order|$ Subgroups of $R$ are also linearly ordered and
they are, as is well known, characterized among other 1. $0$ . groups by the
condition that their linear orders are archimedean, that is to say, that for
any positive elementsl) $a,$

$b$ there is a positive integer $n$ , so that it holds

$a^{n}>\delta,$ $\delta^{n}>a$ .
Everett and Ulam have proved that we can define a linear order in a

free group with two generators, so that it becomes a 1. $0$ . group2). In the
following we shall generalize this theorem in the form that any 1. $0$ . group
can be obtained by an order honiomorphism from a proper 1. $0$ . free group,
and then study the general character of group- and order-structure of these
groups. Finally we shall add some examples whuich will illustrate our
theorems.

We prove $\cdot frs^{\prime}t$ some lemmas.
Lemma I. Let $G\delta e$ a $l$. $0$ . group and $Pl/e$ set of all $p\ell zsitipe$ elements

in G. $P$ has then $f\mathscr{U}owingpropert\ell es$ :
i) $e\not\in P$, and if $\chi\neq e$ either $x\epsilon P$ or $x^{-1_{k}}P$.

ii) $x\epsilon P$ and $y\epsilon Pimp^{;_{f}}esxy\epsilon P$.
iii) if $xeP$, then $axa^{-1}\epsilon P$ for all $a$ in $G$ .

Conversely, if a group $Gconta\prime ns$ a $S^{\phi}i[\nearrow setP,,/zav,ngtf_{l}epropert\dot{f}esi$), $ii$), $iii$),
we $car\iota t1_{l\prime^{\prime}}n$ introduce a linear order in $G\delta yM^{ing}$ ,

$a>b$ , if $ a\delta^{-1}\epsilon$ P.. (1)

Proof The former part is almost obviovs. We have only to $1lote$ that
iii) follows from $axa^{-1}>a^{0}a^{-1}=e$ for $x>e$ . We prove the latter part Ac-
cording to i) and $\delta a^{1}\underline{\backslash }=(a\delta^{-1})^{-1}$ it can be seen that one and only one of
the relations


