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YOSHIYUKI HINO

(Received April 7, 1975)

1. Introduction. Assuming the uniqueness of solutions for the initial
value problem, several authors discussed that the existence of a bounded
solution with some stability property implies the existence of almost
periodic solutions (cf. [4], [8], [10], [11], [12]).

Recently, Coppel [3], Yoshizawa [13, 14, 15] and Kato [7] have shown
the existence of an almost periodic solution for ordinary differential
equations and for functional differential equations without the assumption
that the solution is unique. All of them required the existence of a
bounded solution which is uniformly stable. Clearly, uniform stability
implies the uniqueness of the bounded solution for initial value problem.

In this paper, more generally, we shall discuss functional differential
equations with infinite retardation and the existence theorem for almost
periodic solutions by assuming the existence of a bounded solution with
some stability property which does not imply the uniqueness for initial
value problem.

2. Hale's space and some lemmas. First, we shall give a class of
Banach spaces considered by Hale [5]. Let x = {x\ x2, ••-,£") be any
vector in En and let \\x\\Rn = m a x l g ^ n \xi| be norm of x. Let B =
B((—°°> 0]> Rn) be a Banach space of functions mapping (—<*>, 0] into Rn

with norm || |U F ° r a n y Φ m B a n d any σ in [0, oo), let φ° be the
restriction of φ to the interval (-oo, — σ\. This is a function mapping
(— oo, — a] into Rn. We shall denote by B° the space of such functions φσ.
For any ηeBσ, we define the semi-norm | |^ | | B α of ΎJ by

Then we can regard the space Bσ as a Banach space with norm || \\Bσ.
If x is a function defined on (— ^ , a), a > 0, then for each t in [0, a) we
define the function xt by the relation xt(s) = x(t + s), — oo < s <̂  0. For
numbers a and τ, a > τ, we denote by Aτ

a the class of function x mapping
(— oo 9 a) into Rn such that x is a continuous function on [τ, a) and xτ e B.
The space B is assumed to have the following properties:


