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In this paper, we shall study the projection of norm one in W*-algebras
following [7]. Firstly, we obtain the general decomposition theorem of a
projection of norm one ΊΓ from a W*-algebra M to its C*-subalgebra N
showing that N is decomposed into the maximal W*-reρresentable direct
summand and the rest. Restricting ourself to the case of N being a W*-
representable *subalgebra, we prove that ΊΓ is decomposed into three parts
by three orthogonal central projections zu z2, z3 of N. The first component
is a normal projection of norm one from M to N^i, the second singular one
to Nz2 and Zι, z2 are maximal central projections having these properties.
In the last section we discuss on the σ-weak continuity property of ΊΓ and
the relation to the other continuity. We can prove that ΊΓ is σ-weakly con-
tinuous if and only if the kernel of ΊΓ is σ-weakly closed.

1. Preliminaries. Consider a W*-algebra M, its conjugate space M*
and the space M* of all σ -weakly continuous linear functionals on M. We
define the operators Ra and La on M* for each a € M such that

< x, Raφ > = < xa, φ> and < x, JUφ > = < ax, φ >

for all a 6 M, φ € M*. The following properties are easily verified: Rq&*μ.v>
= XRa + μRt>, £Cλα+μ&) = XLa + A&L&, Rah = RaR>,Lab = Lj>La, where a and b are

arbitrary elements of M and λ, μ complex numbers.
A subspace of M* which is invariant both for every Ra and every

La is called an invariant subspace. It can be shown that there exists a
one-to-one correspondence between the σ-weakly closed ideal m of M
and the closed invariant subspace V of M* such that m = V° and V = m°
where V° and m° denote the polar of V and m in M and M* respectively.

A positive linear functional φ is called singular if there exists no non-
zero positive normal linear functional ψ such as ψ^φ we denote the
closed subspace generated by all singular linear functionals on M by MJ.
M£ is an invariant subspace of M*. It can ba shown that any closed
invariant subspace V is decomposed such as

F = (ynM*) ® (Vn.M;), in particular M* = M* © MJ,

the sum being ^-direct sum.
A uniformly continuous linear homomorphism ir from a W*-algebra M to

a W*-algebra N is called singular if V (N*)c:MJ, where V denote the
transpo3e of ΊΓ. We can prove that a positive singular mapping ΊΓ from M
to N has the property that there exists no non -zero normal linear homo-


