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LUSIN FUNCTIONS ON PRODUCT SPACES
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1. Introduction. In [1] and [2], Calderόn and Torchinsky introduced
the parabolic Hp spaces associated with a group of linear transformations
of Rd and obtained analogues of some results of Fefferman-Stein [8] in
this context. Later Gundy-Stein [11] extended some of the results of [8]
to the product spaces. (See also Gundy [10], M. P. and P. Malliavin [13].)
On the other hand, it seems likely that some parts of the theory of
Calderόn-Torchinsky [1], [2] also extend to the product spaces. In fact,
in the present note we prove the equivalence with respect to the Lp-
"norms" of the Lusin functions and the nontangential maximal functions
arising from certain two-parameter families of linear transformations of
RnixRn2 (see Theorem 1 and the corollary in §3), which is an extension
to the product spaces of a special case of a result of [1] and also is a
generalization of a result of Gundy-Stein [11]. Combined with the argu-
ment of Fefferman-Stein [9], this enables us to extend Fefferman's weak
type estimates (see [7]) to the case of the double singular integrals with
mixed homogeneity (see Theorem 3 in § 3).

2. Preliminaries.

2.1. Let xeRn (n^2). We write x = (xω,x{2)), where x{ι)eRn\
xω 6 Rn* (nlf n2 ^ 1, n, + n2 = n) and x{ί) = (a^, * , <>) (i = 1, 2). If

write, for example, "xU) e Rn*" instead of "xω e Rni and x{2) e iΓ 2" for
simplicity. This abbreviation will be used throughout.) We also write
(x{1), tx\ x{2), t2) = (x, ί), where x = (x{1), x(2)), t = (tlyt2).

Set Rn

+i+1 = {(x{ί), t%)eRn*+1: tt > 0} (i = 1, 2) and D =

2.2. Let Pi be a linear transformation of Rnί such that {P^, xU)) ^
(xw,x{i)) for all x(i)eRnί, where (xH), yH)) denotes the ordinary inner
product in RnK We consider a group A% = if * (0 < tt < «») of linear
transformations of Rnκ

For xH) eRni — {0}, let us denote by pw(x{i)) the unique t% such that
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