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A PROOF OF ABEL'S CONTINUITY THEOREM
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Let S be the spaces of sequences s = (sn)n;o of complex terms of

-]

convergent series with norm defined by [Isi_, = sup Z s,

’ and J be the
>0 "j=n

[
space of all sequences B8 = (B )

_~ of bounded variation with norm
n’ n=0

(-]
I8y = 'Bol + ) ,Bn-Bn_ll. The following Holder's type of inequality holds:
n=1

If s=(s)ecS and B=(B) cJ, then 'nZoS“B“,‘S Is g 181 .

This may be seen easily by an application of summation by parts.
An interesting application of this inequality 1is a simple proof of the

Stolz form of the Abel Continuity Theorem:

THEOREM: (Abel's Continuity Theorem). If ) @ converges and
n=0

£(z) = ) anzn, then 1lim f(z) = f(1), where 2z 1is restricted to approach
n=0 z>1

,l-z
the point 1 {in such a way that |z| <1 and I remains bounded.
1—|z
Proof: First of all let C be a positive absolute constant such that
-] 3
< C and |z| < 1. Notice that l

p=NllJ-ll(ap)p=NllS
12|
for N> 1 and by the above inequality applied to the sequences (ap) and
(zp), since (ZP)E=N € J; in fact, since lzl <1
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