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Projective \Gamma-sets

By Tomoyuki YOSHIDA
(Received January 26, 1982)

The purpOSe Of this paper iS tO Study prOjective functOrs frOm a Small
categOry tO the categOry Of SetS. Our reSultS are generalizatiOns Of SemigrOup
caseS.

1. Some basic definitions and properties

Let \mathscr{S} be the categOry Of SetS and \Gamma a small categOry. We denOte by
\mathscr{S}^{\Gamma} the functOr categOry frOm \Gamma tO \mathscr{S} . Then an Object in \mathscr{S}^{\Gamma} iS called
a (right) \Gamma-set and a mOrphiSm in \mathscr{S}^{\Gamma} is called a \Gamma-map. We denOte the
hOm-Set frOm i tO j in \Gamma by \Gamma(i,j) . FurthermOre throughout the paper,

f q
we denOte the cOmpOSitiOn Xarrow Yarrow Z by fq:Xarrow Z. SO a (right) \Gamma-set X
cOnSiStS Of SetS X_{i} , i\in\Gamma

- which are called stalks at i, tOgether with maps

X_{i}\cross\Gamma(i,j)arrow X_{j} : (x_{i}, \alpha)1arrow x_{i}\cdot\alpha

fOr i, j\in\Gamma which satiSfy the cOnditiOnS:
(a) x_{i}\cdot 1_{i}=x_{i} fOr i\in\Gamma, x_{i}\in X_{i} and the identity 4_{i} ;
(b) (x_{i}\cdot\alpha)\cdot\beta=x_{i}\cdot(\alpha\beta) fOr x_{i}\in X_{i}, \alpha\in\Gamma(i,j) , \beta\in\Gamma\langle j, k) .
FurthermOre a \Gamma-map f:Xarrow Y between \Gamma-SetS iS a family Of mapS f_{i} :
X_{i}arrow Y_{i} , i\in\Gamma. SatiSfying the cOnditiOn (x_{i}\cdot\alpha)f_{j}=(x_{i}f_{i})\cdot\alpha fOr i, j\in\Gamma, x_{i}\in X_{i},
\alpha\in\Gamma(i,j) . The set Of all \Gamma-maps Of X tO Y is denOted by \Gamma(X, Y) . We
define analOgOusly left \Gamma-setS which can be regarded as cOntravariant functOr
frOm \Gamma tO \mathscr{S} . The categOry Of \Gamma-sets, \mathscr{S}^{\Gamma}, is cOmplete and cOcOmplete.
In fact, limitS and cOlimitS Of \Gamma-setS are cOnStructed pOintwise. A \Gamma-set X
is called a fifinite \Gamma-set prOvided each stalk X_{t} is a finite set. The.full sub-
categOry Of finite \Gamma-setS in \mathscr{S}^{\Gamma} iS denOted by \mathscr{S}_{f}^{\Gamma}.

Any Set A is regarded as a constant \Gamma-Set defined by A_{i}=A and a\cdot\alpha=a

fOr all a\in A_{i}, \alpha\in\Gamma(i,j) . FOr each k\in\Gamma
,\cdot the hOm functor H^{k} : i\mapsto\Gamma(k, i)

is a \Gamma-Set, which is called a representable \Gamma-set. Of cOurse the map H_{i}^{k}\cross

\Gamma(i,j)arrow H_{j}^{k} : (\gamma, \alpha)\mapsto\gamma\alpha is defined by the cOmpOsitiOnS. If \Gamma is a finite cate-

gOry, that is, all mOrphisms in \Gamma makeS a finite set, then H^{k} iS a finite \Gamma-

set. It is well-knOwn aS the YOneda Lemma that \Gamma maps Of H^{k} tO X are
bijectively cOrreSpOnding with elements Of X_{k} . The YOneda embedding Y :
\Gamma^{op}arrow \mathscr{S}^{\Gamma} : k\mapsto H^{k} iS fully-faithful, and furthermOre Y preServes and reflects


