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Symmetry of isometric embeddings of Riemannian
manifolds and local scalar invariants*
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Abstract. We study the infinitesimal symmetry of the isometric embeddings of a Rie-
mannian manifold M™ into R**4, n > 2, d > 1. Then we define a notion of scalar
invariant for submanifolds in R**¢ in terms of this symmetry. As an example, we show
by calculation that the Gaussian curvature of a surface is an invariant.
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Introduction

Let M be a smooth (C°) manifold of dimension n, n > 2, with Rie-
mannian metric g. A mapping v = (u!,...,u"%): M - R d>1,is a
local isometric embedding if u satisfies

(du,du) = g.
In terms of local coordinates z = (x!,...,2") of M, the above equation is
written as
n+d
ou® ou® .
2:1 5t 57— Y0 foreach i,j=1,...,n, (2.5)
o=

where g;; = g(%, %).

A (local) scalar invariant of M is a real valued function defined on an
open subset of M which is invariant under local isometries. The scalar
curvature is the simplest scalar invariant. If volys(p,r) is the volume of the
geodesic ball of radius r centered at a point p € M, then for sufficiently

small » > 0

volps(p, )
volgn (0, 7)
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