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Irrational foliations of S° x S3
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Abstract. The Godbillon-Vey class is a characteristic cohomology class of dimension
3 for foliations of codimension 1 whose transition functions are transversely Lipschitz
and with derivatives of bounded variations. We show that for a foliation F of S3 x §3
of codimension 1, the ratio a/b of the Godbillon-Vey class GV(F) = (a,b) ¢ R® R =
H3(S3 x S3; R) takes any real value. It has been known that this ratio is invariant under
the deformation of smooth foliations.
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Introduction

Let F be a codimension-one foliation of of 3 x $3. For a codimension-
one foliation, the Godbillon-Vey class is defined as a 3-dimensional cohomol-
ogy class ([6]). Hence in this case, GV (F) € H3(S3 x S3;R) @ R®R. We
call F rational if GV (F) = (a,b) € H3(S? x $3; R) satisfies a/b € QU{oo},
and call F irrational if a/b € R — Q. Gel'fand-Feigin-Fuks ([2]) noticed that
this ratio a/b is invariant under a deformation of codimension-one foliations.
Hence rationality or irrationality of foliations of S3 x S3 is invariant under
deformation.

This definition of rationality and irrationality imitates the one for the
linear foliations of the 2-dimensional torus T2. (See [12], [13] for the in-
teresting progress in piecewise linear foliations on T2.) A rational linear
foliation of T? is defined by a submersion to the circle S!. In a similar way,
we can construct examples of rational foliations of S3 x S® by defining a
Haefliger structure on S® x S3 as a pull-back by an appropriate map to S3
and using the theorem of existence of foliations ([16]). An irrational linear
foliation of T? is easy to construct. But it has not been known whether
there exist irrational foliations of S3 x S3. The question of the existence of
irrational foliations of S x $3 was raised in Gel’fand-Feigin-Fuks [2] and
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