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Singular integrals with rough kernels on product spaces
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Abstract. Suppose that \Omega(x’, y’)\in L^{1}(S^{n-1}\cross S^{m-1}) is a homogeneous function of
degree zero satisfying the mean zero property (1.1), and that h(s, t) is a bounded function
on \mathbb{R}\cross \mathbb{R} . The singular integral operator Tf on the product space \mathbb{R}^{n}\cross \mathbb{R}^{m}(n\geq 2, m\geq 2)

is defined by

\tau f(\xi,\eta)=p.v . \int_{IR^{n}\cross 1R^{m}}h(|x|, |y|)|x|^{-n}|y|^{-m}\Omega(x’,y’)f(\xi-x,\eta-y)dxdy .

We prove that the operator Tf is bounded in L^{p}(\mathbb{R}^{n}\cross \mathbb{R}^{m}) , p\in(1, \infty) , provided that
\Omega is a function in certain block space B_{q}^{0,1}(S^{n-1}\cross S^{m-1}) for some q>1 . The result
answers a question posed in [JL].

We also study singular integral operators along certain surfaces.
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1. Introduction

Let \mathbb{R}^{N} (N=n or m), N\geq 2 , be the N-dimensional Euclidean space
and S^{N-1} be the unit sphere in \mathbb{R}^{N} equipped with normalized Lebesgue
measure d\sigma=d\sigma(\cdot) . For nonzero points x\in \mathbb{R}^{n} and y\in \mathbb{R}^{m} , we define
x’=x/|x| and y=y/|y| . For n\geq 2 , m\geq 2 , let \Omega(x’, y’)\in L^{1}(S^{n-1}\cross S^{m-1})

be a homogeneous function of degree zero, and satisfy

\int_{S^{n-1}}\Omega(x’, y’)d\sigma(x’)=\int_{S^{m-1}}\Omega(x’, y’)d\sigma(y’)=0 . (1.1)

Let h(s, t) be a locally integrable function on \mathbb{R}\cross \mathbb{R} . The singular integral
operator Tf on the product space \mathbb{R}^{n}\cross \mathbb{R}^{m} is defined by

(Tf)(x, y)=p.v . \int_{\mathbb{R}^{n}\cross \mathbb{R}^{m}}K(\xi, \eta)f(x-\xi, y-\eta)d\xi d\eta (1.2)

where K(x, y)=h(|x|, |y|)\Omega(x’, y’)|x|^{-n}|y|^{-m} and f is a test function in
S(\mathbb{R}^{n}\cross \mathbb{R}^{m}) . If h=1 and \Omega satisfies some regularity conditions, then it is
known that the operator T is bounded in If(\mathbb{R}^{n}\cross \mathbb{R}^{m}) , 1<p<\infty (see
[Fe] ) . That the L^{p}ZAboundedness of T continues to hold under the weaker
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