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Congruences with Intervals and Subgroups
Modulo a Prime
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Abstract. We obtain new results about the representation of almost
all residues modulo a prime p by a product of a small integer and
also an element of small multiplicative subgroup of (Z/pZ)∗. These
results are based on some ideas, and their modifications, of a recent
work of Cilleruelo and Garaev (2014).

1. Introduction

It is well known that the progress on many classical and modern number-theoretic
questions depends on the existence asymptotic formulas and good upper and
lower bounds on the number of solutions to the congruences of the form

au ≡ x (mod m), (1)

where u runs through a multiplicative subgroup G of the group of units Z
∗
m of

the residue ring Zm modulo an integers m ≥ 2, and x runs through a set {A +
1, . . . ,A+H } of H consecutive integers; see [17] for an outline of such questions.
In the special case where m = p is a prime number and G is a group of squares,
this is a celebrated question about the distribution of quadratic residues.

Recently, various modifications of the congruence (1) have been studied, such
as congruences with elements from more general sets than subgroups on the left-
hand side and also with products and ratios of variables from short intervals on
the right-hand side; see [2; 3; 5; 6; 7; 8; 9; 10; 11; 12; 14; 18] and references
therein. New applications of such congruences have also been found and include
questions about

• nonvanishing of Fermat quotients [1],
• estimating fixed points of the discrete logarithm [2; 3],
• distribution of pseudopowers [4], and
• distribution of digits in reciprocals of primes [22].

Here we consider the congruence (1) in the special case where m = p is prime.
Furthermore, we are mostly interesting in the solvability of (1) for rather small
intervals and subgroups.

Since we consider congruences modulo primes, it is convenient to use the lan-
guage of finite fields.
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