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1. Introduction

For a prime p and an integer a the Fermat quotient is defined as

qp(a) = ap−1 − 1

p
.

It is well known that divisibility of Fermat quotients qp(a) by p has numerous ap-
plications, which include Fermat’s last theorem and squarefreeness testing; see [6;
7; 8; 16].

In particular, the smallest value �p of a for which qp(a) �≡ 0 (modp) plays a
prominent role in these applications. In this direction, Lenstra [16, Thm. 3] has
shown that

�p ≤
{

4(logp)2 if p ≥ 3,

(4e−2 + o(1))(logp)2 if p → ∞; (1)

see also [7]. Granville [9, Thm. 5] has shown that in fact

�p ≤ (logp)2 (2)

for p ≥ 5.
A very different proof of a slightly weaker bound �p ≤ (4 + o(1))(logp)2 has

been obtained by Ihara [12] as a by-product of the estimate

∑
�k<p

�∈W(p)

log �

�k
≤ 2 log logp + 2 + o(1) (3)

as p → ∞, where the summation is taken over all prime powers up to p of primes
� from the set

W(p) = {� prime : � < p, qp(�) ≡ 0 (modp)}.
However, the proof of (3) given in [12] is conditional on the extended Riemann
hypothesis.

It has been conjectured by Granville [8, Conj. 10] that

�p = o((logp)1/4). (4)
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