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1. Introduction

With any finite graph G = (V,E) we associate a projective toric variety XG over
a field K as follows. The coordinates qA|B of the ambient projective space are in-
dexed by unordered partitions A|B of the vertex set V. The dense torus has two
coordinates (sij , tij ) for each edge {i, j} ∈ E. The polynomial rings in these two
sets of unknowns are

K[q] := K[qA|B | A ∪ B = V, A ∩ B = ∅],

K[s, t] := K[sij , tij | {i, j} ∈E ].

Each partition A|B of the vertex set V defines a subset Cut(A|B) of the edge set
E. Namely, Cut(A|B) is the set of edges {i, j} such that i ∈ A, j ∈ B or i ∈ B,
j ∈A. The variety we wish to study is specified by the following homomorphism
of polynomial rings:

φG : K[q] → K[s, t], qA|B 
→
∏

{i,j}∈Cut(A|B)
sij ·

∏
{i,j}∈E\Cut(A|B)

tij . (1.1)

One may wish to think of s and t as abbreviations for “separated” and “together”.
The kernel of φG is a homogeneous toric ideal IG, which we call the cut ideal of
the graphG. We are interested in the projective toric varietyXG that is defined by
the cut ideal IG.

Example 1.1. Let G = K4 be the complete graph on four nodes, so V =
{1, 2, 3, 4} and E = {12,13,14, 23, 24, 34}. The ring map φK4 is specified by

q|1234 
→ t12 t13 t14 t23 t24 t34, q1|234 
→ s12 s13s14 t23 t24 t34,

q12|34 
→ t12 s13s14 s23s24 t34, q2|134 
→ s12 t13 t14 s23s24 t34,

q13|24 
→ s12 t13s14 s23 t24 s34, q3|124 
→ t12 s13 t14 s23 t24 s34,

q14|23 
→ s12 s13 t14 t23s24 s34, q4|123 
→ t12 t13s14 t23s24 s34.

The cut ideal for the complete graph on four nodes is the principal ideal

IK4 = 〈q|1234q12|34q13|24q14|23 − q1|234q2|134q3|124q123|4〉.
Thus the toric variety XK4 defined by IK4 is a quartic hypersurface in P
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