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1. Introduction

Let Morβ(P1,Y ) denote the moduli space of morphisms f from a complex projec-
tive line P1 to a smooth complex projective variety Y such that f∗[P1] = β, where
β is a given second homology class of Y. We study the irreducibility and the ra-
tional connectedness of the moduli space when Y is a successive blowing-up of a
product of projective spaces with a suitable condition on β.

Before stating the Main Theorem proven in this paper, we introduce some no-
tation. Let X = ∏m

k=1 P nk, X0 = X, and let πi : Xi → Xi−1 (i = 1, . . . , r) be a
blowing-up of Xi−1 along a smooth irreducible subvariety Zi. Let Et

i ⊂ Xr be
the total transform (πi � · · · � πr)−1Zi of the exceptional divisor associated to Zi,
and let Hk be the divisor class coming from the hyperplane class of the kth pro-
jective space P nk. Let mi = #{Zj | j < i, (πj � · · · �πr)−1(Zj ) ⊃ Et

i }. So general
points of Zi are the (mi)th infinitesimal points of X. Denote by Morβ(P1,Xr)

�

the open sublocus of Morβ(P1,Xr) consisting of those f whose images do not lie
on exceptional divisors: f(P1) � Et

i for all i.

Main Theorem. Assume that β · (
π∗Hk − ∑r

i=1(mi + 1)Et
i

) ≥ 0 for all k and
that β · Et

i ≥ 0 for all i, where π = π1 � · · · � πr.
(1) The moduli space Morβ(P1,Xr)

� consists of free morphisms and is an irre-
ducible smooth variety of expected dimension.

(2) If Zi are rationally connected for all i, then a projective and birational model
of Morβ(P1,Xr)

� is also rationally connected.
(3) The moduli space Morβ(P1,Xr) is smooth, and Morβ(P1,Xr)

� is dense in
Morβ(P1,Xr), if one of the following conditions hold:
(a) all π(Et

i ) are points in X;
(b) all centers Zi are convex (i.e., H1(P1, g∗TZi

) = 0 for any morphism
g : P1 → Zi), and π(Et

i ) are disjoint to π(Et
j ) for any i �= j.

Note that the irreducibility (respectively, the rational connectedness of a projective,
birational model) of the morphism space Morβ(P1,Xr) implies the irreducibility
of the moduli space of rational curves C with numerical condition [C] = β.
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