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1. Introduction

The goal of this paper is to analyze the limiting weak-type behavior of important
operators in harmonic analysis when they act on singular measures in R”. Consider
the jth Riesz transform R; defined on appropriate functions by

r(s)

Rif(x) = —2 L A Y (L1)
) =G PV an lx — y[H y)ay. :

Here R; is bounded from LP(IR") into itself for 1 < p < oo and from LY(R") into
the weak-L' space L'*°(R"). That is, there exist constants C,, for each 1 < p <
oo and Cj such that, for all functions f € LP(R"),

IR fllp < Cull fllp; 1.2)
moreover, for all f € L'(R") and A > 0,
im{x eR" 1 |R; f(x)| > A} < Ci|| flh- 1.3)

These are referred to as the strong-type (p, p) and weak-type (1, 1) inequalities,
respectively. See Stein [12] for the basic theory.
The strong-type (p, p) constant C, is

tan(%) if 1 <p<2,

P cot(z”—p) if 2<p < oo.

This is proved by Pichorides [11] for n = 1 and completed by Iwaniec and Martin
[5] for higher dimensions. When n = 1, the weak-type constant C; is
I+ 5+ 5+5+5+
C=

s
This is proved by Davis [2] and Baernstein [1]. However, for higher dimensions

the question remains open. One conjecture regarding the weak-type constant is
that it is independent of dimension n. A recent result [6] proved by the present
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