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Polynomial Convexity and
Rossi’s Local Maximum Principle

JEAN-PIERRE RoOsAy

Polynomial convexity is an old and fundamental topic in the theory of complex
variables. If K is a compact set in C" then its polynomial hull, denoted by K, is
the set of z € C" such that | P(z)| < Supg| P| for every (holomorphic) polynomial
P.If K = K then K is said to be polynomially convex. Itis my opinion that some
very basic questions are still worth revisiting. I illustrate this with two examples.

In Part A, I discuss Rossi’s local maximum principle. I noticed only recently
that this principle becomes a totally trivial exercise if the hull is characterized in
terms of plurisubharmonic functions. Rossi’s principle then generalizes to almost
complex manifolds.

In Part B, which is far less successful, I discuss the old result of polynomial con-
vexity of (smooth enough) arcs. It is a deep result—still with no easy proof—and
with an unsatisfactory conclusion, as will be explained later. I would like to see
the polynomial convexity of arcs established by some kind of construction simi-
lar to the one in Part A (with the soft tool of plurisubharmonic functions). Part B
is still far from that goal, but I hope the proof presented there is somewhat more
pleasant than previous proofs. Some of its ingredients may be useful.

PART A

1. Introduction

Rossi’s maximum principle [15] is an important result in complex analysis. One
version reads as follows.

THEOREM. Let K be a compact set in C", and let K be its polynomial hull. Let
zek \ K,andletV be a relatively compact neighborhood of z that does not inter-
sect K. Then, for every polynomial P, |P(z)| < Supgp,y|P| (Where bV denotes
the boundary of V).

Thus, although the polynomial hull may not carry any analytic structure [16; 3,
Chap. 24], still the maximum principle holds along K. Following Rossi’s origi-
nal proof [15], proofs such as those for [3, Thm. 9.3] and [8, Thm. 3.2.11] rely on
solving 3.
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