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1. Introduction

A beautiful theorem of Mukai is his interpretation of the general complete inter-
section of the Lagrangian Grassmannian LG(3, 6) ⊂ P13 in its Plücker embedding
with a linear subspace P10 as a non-abelian Brill–Noether locus of vector bundles
on a plane quartic curve [28]. This quartic curve can in a natural way be inter-
preted as the orthogonal plane section of the dual variety to LG(3, 6) in P̌13 (cf.
[11]). In this paper we consider, very much in the spirit of [27], general linear
sections of LG(3, 6) ⊂ P13 of various dimensions, and we show that the orthog-
onal linear section of the dual variety F̌ of LG(3, 6) has an interpretation as a
moduli space of vector bundles on the original linear section. A similar study of
linear sections of the 10-dimensional spinor variety or orthogonal Grassmannian
OG(5,10) ⊂ P15 is taken up by the first author and Markushevich in [12].

The moduli spaces of stable vector bundles on curves is by now a classical sub-
ject dating back to the 1960s and the fundamental work of Narasimhan, Seshadri
and Tyurin (see [30; 36]). More recently, the subvarieties of these moduli spaces
representing bundles with many sections has attracted the attention from many au-
thors [2; 3; 9; 27; 31; 34]. The corresponding theory for vector bundles on K3 sur-
faces becomes particularly nice as explained in Mukai’s fundamental paper [20].
Our purpose here is to present examples in this theory where the moduli spaces are
complete linear sections of the dual variety of LG(3, 6) in P̌13. A general tangent
hyperplane section of LG(3, 6) is nodal; that is, it has a unique tangency point
with a quadratic singularity. We construct a rank-2 vector bundle on a nodal hy-
perplane section of LG(3, 6) blown up in the node. This construction is key to the
proof of Theorem 3.3.4 and Corollary 3.3.10, which are summarized in the fol-
lowing theorem.

Theorem 1.1. The projection of a nodal hyperplane section of LG(3, 6) from
the node is a complete 5-dimensional linear section of a Grassmannian variety
Gr(2, 6). This linear section contains a 4-dimensional quadric, and the general
5-dimensional linear section of Gr(2, 6) that contains a 4-dimensional quadric
appears this way.
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