
Michigan Math. J. 52 (2004)

Projective Geometry of Freudenthal’s Varieties
of Certain Type

Hajime Kaj i & Osami Yasukura

Dedicated to Professor Hiroshi Asano on the occasion of his 70th birthday

0. Introduction

H. Freudenthal constructed, in a series of his papers (see [10] and its references),
the exceptional Lie algebras of type E8, E7, E6, and F4 by defining various pro-
jective varieties. The purpose of our work is to study projective geometry for his
varieties of certain type, which are called varieties of planes in the symplectic
geometry of Freudenthal (see [10, 4.11] and [23, 2.3]).

Let g be a graded, simple, finite-dimensional Lie algebra over the complex
number field C with grades between−2 and 2, dim g2 = 1, and g1 �= 0, namely, a
graded Lie algebra of contact type: g = g−2⊕g−1⊕g0⊕g1⊕g2 (see Section 1).
We set

V := {x ∈ g1\ {0} | (ad x)2g−2 = 0},
and define an algebraic set V in P(g1) to be the projectivization of V:

V := π(V ),
where π : g1 \ {0} → P(g1) is the natural projection. Then we call V ⊆ P(g1)

(with the reduced structure) the Freudenthal variety associated to the graded Lie
algebra g of contact type, which is a natural generalization of Freudenthal’s vari-
eties mentioned previously. Note thatV is not necessarily connected in this general
setting. Moreover, we here consider the projectivization of a closed set {x ∈ g1 |
(ad x)k+1g−2 = 0} and denote it by Vk; we have

∅ = V0 ⊆ V1 ⊆ V2 ⊆ V3 ⊆ V4 = P,

where we set P := P(g1) for short. Clearly, V3 is a quartic hypersurface, V2 is
an intersection of cubics, and V1 = V is an intersection of quadrics (with a few
exceptions).

In the literature, several results have been known about the structure of g1 as a
g0-space—case by case for each exceptional Lie algebra of types E8, E7, E6, and
F4—from the viewpoint of the invariant theory of prehomogeneous vector spaces
(see [13; 15; 19; 22]). By virtue of those results, it can be shown, for example, that
the stratification of P given by the differences of the Vk exactly corresponds to the

Received August 7, 2002. Revision received May 15, 2004.
Both of the authors were supported in part by Grant-in-Aid for Scientific Research (C), no. 10640046,

Japan Society for the Promotion of Science. The first author was supported in part by Grant for
Special Research Projects, Individual Research, no. 99A-187, Waseda University.

515


