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On Parameter Spaces for Artin Level Algebras

J. V. Chipalkatti & A. V. Geramita

Let R = k [x1, . . . , xn] denote a polynomial ring and leth : N→ N be a numeri-
cal function. Consider the set of all graded Artin level quotientsA = R/I having
Hilbert functionh. This set (if nonempty) is naturally in bijection with the closed
points of a quasiprojective schemeL◦(h). The object of this note is to prove some
specific geometric properties of these schemes, especially forn = 2. The case
of Gorenstein Hilbert functions (i.e., whereA has type 1) has been extensively
studied, and several qualitative and quantitative results are known (see [17]). Our
results should be seen as generalizing some of them to the non-Gorenstein case.

After establishing notation, we summarize the results in the next section. See
[12; 17] as general references for most of the constructions used here.

1. Notation and Preliminaries

The base fieldk will be algebraically closed and of characteristic 0 (but see Re-
mark 4.11). LetV be ann-dimensionalk-vector space, and let

R =
⊕
i≥0

Symi V ∗, S =
⊕
i≥0

Symi V.

Let {x1, . . . , xn} and{y1, . . . , yn} be dual bases ofV ∗ andV (respectively), lead-
ing to identificationsR = k [x1, . . . , xn] andS = k [y1, . . . , yn]. There are internal
products (see [11, p. 476])

Symj V ∗ ⊗ Symi V → Symi−j V, u⊗ F → u · F,
makingS into a gradedR-module. This action may be seen as partial differentia-
tion; if u(x)∈R andF(y)∈ S, then

u · F = u(∂/∂y1, . . . , ∂/∂yn)F.

If I ⊆ R is a homogeneous ideal, thenI−1 is theR-submodule ofS defined as
{F ∈ S : u · F = 0 for all u∈ I }. This module (called Macaulay’s inverse system
for I ) inherits a grading fromS, soI−1=⊕i(I

−1)i . Reciprocally, ifM ⊆ S is a
graded submodule, then ann(M) = {u : u · F = 0 for all F ∈M} is a homoge-
neous ideal inR. In classical terminology, ifu · F = 0 and degu ≤ degF, then
u andF are said to beapolar to each other.

Received December 14, 2001. Revision received March 19, 2002.

187


