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Infinitely Many Grand Orbits
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1. Introduction

Sullivan’s non-wandering theorem is one of the best-known and most fundamental
results of classical rational iteration. We exhibit a counterexample which shows
that a natural consequence of this theorem no longer holds if one is allowed to
choose a different polynomial at each stage of the iterative process. The proof re-
lies heavily on properties of the local dynamics near a parabolic fixed point.

We begin by considering a sequence of rational functions{Rn}∞n=1 = {R1, R2,

R3, . . . } of some fixed degreed ≥ 2. LetQn(z) be the composition of the firstn
of these functions in the natural order; that is,

Qn = Rn B Rn−1 B · · · B R2 B R1.

We will also be interested in the compositions

Qm,n = Rn B Rn−1 B · · · B Rm+2 B Rm+1.

Define theFatou setF for such a sequence of rational functions as

F = {z∈ C̄ : {Qn}∞n=1 is a normal family on some neighbourhood ofz};
theJulia setJ is then simply the complement of the Fatou set inC̄. Note that,
if {Rn}∞n=1 is a constant sequence{R,R,R, . . .}, then these definitions coincide
with the standard ones. One of the reasons for this definition of Julia and Fatou
sets is that we can formulate an analogue of the principle of complete invariance
in standard rational iteration. In order to do this, we shall introduce the following
terminology.

We start by fixing as before a sequence{Rn}∞n=1= {R1, R2, R3, . . .} of rational
functions of fixed degreed ≥ 2. With this in mind, for anyn ≥ 0, let us define
thenth Julia setJn to be the Julia set for the sequence{Rn+1, Rn+2, Rn+3, . . .}
that we obtain from our original sequence simply by deleting the firstnmembers.
Thenth Fatou setis similarly defined as the Fatou set for{Rn+1, Rn+2, Rn+3, . . .}.
Note that, with these definitions,J0 = J andF0 = F. We now state the principle
of complete invariance for random iteration as follows.

Theorem 1.1. For any0 ≤ m < n we haveQm,n(Jm) = Jn andQm,n(Fm) =
Fn, with Fatou components ofFm being mapped surjectively onto those ofFn
byQm,n.
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