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1. Introduction

For any integerk ≥ 2, let µk(n) denote the characteristic function on the set of
k-free numbers; that is,µk(n) = 0 if there is a primep with pk

∣∣n, andµk(n) =
1 otherwise. A twin ofk-free numbers is a natural numbern such thatµk(n) =
µk(n + 1) = 1. It has long been known that the set of these twins has positive
density

% = %k =
∏
p

(
1− 2

pk

)
; (1.1)

although the first explicit reference to an asymptotic formula for the counting
function

Ak(x) =
∑
n≤x

µk(n)µk(n+1)

seems to be a paper by Carlitz [2], the estimate

Ak(x) = %x +O(x2/(k+1)+ε) (1.2)

is at least implicit in the work of Evelyn and Linfoot [4] and Estermann [3]. The
latter formula (1.2) was then proved in refined form, withxε replaced by(logx)4/3,

by Mirsky [7]. More recently, Heath-Brown [5] considered the casek = 2 and
obtained (1.2) withO(x7/11+ε) in place ofO(x2/3+ε).

In this paper we study the exponential sum

S(α) = Sk(α) =
∑
n≤x

µk(n)µk(n+1)e(αn) (1.3)

associated withk-free twins. In recent years there has been an increased interest
in theL1-norm of exponential sums over reasonably dense sets of which thek-free
twins form an example. Our first theorem adds to the small stock of such sums for
which a nontrivial estimate can be obtained.

Theorem 1. Letk ≥ 2. Then∫ 1

0
|Sk(α)| dα � x1/(k+1)+ε.
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