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Gehring’s Lemma for Nondoubling Measures
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1. Introduction

LetQ0 ⊂ Rn be a fixed cube with sides parallel to the coordinate axes, letw be a
strictly positive integrable function onQ0, and let 1< p <∞.We shall say that
a positive functiong ∈Lpw(Q0) belongs to RHp(w) (i.e., thatg satisfies areverse
Hölder inequality) if there exists aC ≥ 1 such that, for every cubeQ ⊂ Q0 with
sides parallel to the coordinate axes, we have(

1

w(Q)

∫
Q

g(x)pw(x) dx

)1/p

≤ C

w(Q)

∫
Q

g(x)w(x) dx,

with w(Q) = ∫
Q
w(x) dx. If the underlying measureµ := w(x) dx satis-

fies the doubling condition—that is, if there exists a constantc > 0 such that
µ(B(x,2r)) ≤ cµ(B(x, r))—then by Gehring’s lemma [7] there exists anε > 0
such thatg ∈ RHp+ε(w). For excellent accounts of the role that reverse Hölder
inequalities play in PDEs, we refer to [9] and [11].

Recently there has been interest in extending the Calderón–Zygmund program
to the context of nondoubling measures (cf. [1; 13; 14; 16; 20; 21] and the refer-
ences therein). The purpose of this note is to prove Gehring’s lemma for nondou-
bling measures of the formµ := w(x) dx. Our main results are given in the next
two theorems; for proofs, see Section 4. (When preparing the final version of this
paper for publication we realized that Theorem 1 can be also obtained by a dif-
ferent method by means of combining Lemma 2.3 and Corollary 2.4 of [16] with
Exercise 6.6 of [18].)

Theorem 1. Let1< p <∞, and letw be a positive integrable function onQ0.

Suppose thatg ∈RHp(w). Then there exists anε > 0 such thatg ∈RHp+ε(w).

Theorem 2 (see [13] for the correspondingRn version of this result; see [9] and
the references therein for the doubling case).Let g, h be positive functions in
L
p
w(Q0) and suppose that there existsc > 1such that, for all cubesQ ⊂ Q0 with

sides parallel to the coordinate axes, we have
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