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On Elliptic K3 Surfaces

ICHIRO SHIMADA

1. Introduction

By virtue of Torelli’s theorem for the period map on the moduli of compkeX
surfaces [4; 13; 18], we can study many aspect& 8fsurfaces from the lattice-
theoretic point of view. In this paper, we determine all possil¥: -types of sin-
gular fibers of elliptick 3 surfaces using Nikulin’s theory of discriminant forms of
even integral lattices. We also determine, for eA€NE -type of singular fibers, all
possible torsion parts of the Mordell-Weil groups. Throughout this paper, we use
the term “an elliptick 3 surface” for “a complex ellipti& 3 surface with a distin-
guished zero section” and the term “an elliptic fibration” for “a complex Jacobian
elliptic fibration”.

A finite formal sum of the symbold; (I > 1), D,, (m > 4), andE, (n =
6, 7, 8) with nonnegative integer coefficients is calledAabDE-type. For anA DE-

type
> = ZG]A[ + deDm + ZenEnv

we denote by (X)~ the negative definite root lattice generated by a root system
of type X, and by rankX) the rank ofZ(X)~. By definition, we have rani&) =
Sal + ) dym+ ) e,n.

Let f: X — P! be an elliptick 3 surface, and le® : P! — X be the zero sec-
tion of f. Let MW, be the Mordell-\Weil group of. The torsion part of MWis
a finite abelian group, which we shall denote®y. We put

Rf = {peP'| fX(p) isreduciblg

and, for eaclp € R;, we denote byf ~*(p)* the union of irreducible components
of £~(p) that are disjoint from the zero section. It is known that the cohomol-
ogy classes of irreducible components fof'(p)* span a negative definite root
lattice generated by an indecomposable root system of typ®,,, or E,,. Let

1/, be the type. The type of singular fibgr'( p) in the list of Kodaira’s classifi-
cation [7] is related tay, , in an almost one-to-one way (cf. Table 2.8). We define
the ADE-type X, of f: X — Plby

Y= Z Tf.p-

PERy

Received July 9, 1999. Revision received July 28, 2000.

423



