Immiscible Fluid Clusters ifR? andR?3
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1. Introduction

Immiscible fluidsFy, . . ., F,, in R" (with ambientFy) have an energy propor-
tional to surface area, where the constant of proportionaljty- 0 depends on
which fluids the surface separates. To prevent degeneracies, we assume strict tri-
angle inequalities;; < a;; + a;x. B.White [W1; W4, Sec. 11] has announced that
energy-minimizing clusters of prescribed volumes are smooth surfaces of constant
mean curvature that meet along a singular set of Hausdorff dimension at mst
In R? it would follow that an energy-minimizing cluster consists of arcs of cir-
cles meeting at isolated points. Our Regularity Theorem 4.3 gives a simple proof
special toR?.

The special case of planar soap-bubble clusigrs= 1) was treated in [M2].
That simple analysis generalizes immediately to the case ef 2 immiscible
fluids and to the case where each~ 1

1.1. THE PROOF OF REGULARITY THEOREM 4.3. Proposition 4.2 shows thatdf
is, inasmall balB(a, r), weakly close to a diameter separating (say) flgidrom
Fo = 0, thenC is a circular arc in a shrunken b&la, 0.9r). Its proof first uses
projection in the space of coefficients to replatasideB(a, r) with a clusterC’
whose coefficients are all real multiples Bf. It follows from the strict triangle
inequality that this reduces cost at leagsf — C’|. A circular arc is even cheaper.
Second, lost amounts of other fluids, on the ordeibf- C’|? by the isoperimet-
ric inequality, may be restored elsewhere at dogf — C’|2. At a small scale,
K|C — C'|? < ¢|C — C’| and the circular arc is better.

To deduce Regularity Theorem 4.3, note that in a small ball about any @bint,
is weakly close to a tangent cone, which must consist of finitely many rays. By
the previous Proposition 4.2, consists of nearly radial circular arcs that meet at
the point.

1.2. CLusters IN R3. Section 5 generalizes Taylor’s classification of soap-
bubble cluster singularities to clusters of immiscible fluids with interface ener-
gies near unity.
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