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1. Introduction

This paper summarizes some of the findings of the co-authors in their investi-
gation of setsE in the extended complex planêC that exhibit a high degree of
symmetry with respect to the action of the quasiconformal group. Our focus is
exclusively on compact subsetsE of Ĉ. A situation roughly dual to this one, the
case of quasiconformally homogeneous domains, was studied in [GP] and [Sa].

We begin by establishing some convenient notation and terminology. The sym-
bol T stands for the group of sense-preserving homeomorphisms ofĈ to itself;Q
signifies the subgroup ofT that comprises all the quasiconformal self-mappings
of Ĉ; for 1 ≤ K < ∞, QK denotes the family of mappings inQ that areK-
quasiconformal. (N.B. We observe accepted convention in requiring as part of
the definition of a plane quasiconformal mapping that it be sense-preserving, al-
though orientation will not be a serious concern in what follows.) The familyQ1,

be it noted, is nothing other than the classical Möbius group, the group of linear
fractional transformations of̂C. By contrast, whenK > 1 the familyQK is not
closed under composition and so does not constitute a group. For each nonempty
subsetE of Ĉ we write

T (E) = { f ∈ T : f(E) = E }, Q(E) = Q∩ T (E), QK(E) = QK ∩ T (E).
ThusT = T (Ĉ), Q = Q(Ĉ) andQK = QK(Ĉ).

A nonempty subsetE of Ĉ is said to bequasiconformally homogeneous(resp.,
K-quasiconformally homogeneous) if the action onE of the groupQ(E) (resp., the
familyQK(E)) is transitive: for each pair of pointsa andb ofE there exists a map-
pingf inQ(E) (resp., inQK(E)) such thatf(a) = b.SinceQK(E) is not a group
whenK > 1, this definition does entail a slight departure from the standard mean-
ing of “action.” The expression “conformally homogeneous” will be employed as
a preferred synonym for “1-quasiconformally homogeneous.” We define thein-
dex of quasiconformal homogeneityK(E) of a quasiconformally homogeneous
setE in Ĉ by
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