Asymptotic Behavior of Solutions
of Oblique Derivative
Boundary Value Problems
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1. Problems and Main Results

In the Euclidean space R" let L =(1/2)a" 3,0, + b'9; be a uniformly elliptic op-
erator and let V= (V1, ..., V") be a vector field. Let g be a bounded nonneg-
ative continuous function. Let D be a bounded domain and f a bounded mea-
surable function on aD. Finally, let v be a nontangential vector field on aD.
Consider the solution u§ of the boundary value problem (e’L+V) uf—qui=0
on D, duf/dy=f on aD. In this paper, we study the asymptotic behavior
of the solution u; as the parameter ¢ —0. To guarantee the existence of a
unique solution, we assume that ¢ is not identically equal to zero on D.
Under this condition, the solution tends to zero as e goes to zero; the ques-
tion is to find the appropriate exponential rate. This exponential rate de-
pends on the behavior of the dynamical system ¢, = V(¢,). We will discuss
two typical cases: (1) the dynamical system has a unique equilibrium point in
D; and (2) V'=0. In the first case, we prove that lim, _,, e log us exists and
is equal to —inf, 7*(x, y), where /% is the quasipotential function for the
oblique derivative boundary value problem, and the infimum is taken over
the essential support of the boundary value function f. In the second case,
under the stronger condition that g is strictly positive on D and f is con-
tinuous, lim, _,( elog uf exists and the limit can also be explicitly identified.
The key to our discussion is a probabilistic representation of the solution
uj. Let 0=(0") be a square root of the matrix a=(a”). Let X = X* ¢ be
the solution of the stochastic differential equation with oblique reflection:

(1.1) dX, = ea(X;)dB,+e2b(X,)dt + V(X )dt —y(X,)p(dl), X,=x,

where B is a standard n-dimensional Brownian motion and ¢ is the bound-
ary local time of the process X. Introduce the Feynman-Kac functional

eq (1) = exp{—g; q(Xs) dé} .

The solution u§ can be represented explicitly as
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