INVERSE LIMITS AND THE COMPLETENESS
OF QUOTIENT GROUDPS

David Wigner

In [5], G. KSthe gives an example of a complete topological vector space and a
closed subspace such that the quotient space is not complete. In this paper we con-
sider the question under what conditions the quotient of a complete abelian topologi-
cal group by a closed subgroup is complete. We give sufficient conditions on the
closed subgroup, and in general we define functors L! from abelian topological
groups to abelian groups such that the vanishing of L! for the closed subgroup im-
plies the completeness of the quotient. The L! are shown to be closely related to
the derived functors of the inverse limit, and we can conclude that the derived func-
tors of the inverse limit of a strongly dense inverse system (in the sense of R. F.
Arens [1]) of complete metrizable abelian groups depend only on the natural topology
of the inverse limit. All topological groups considered in this paper will be abelian,

but not necessarily Hausdorff. We declare a sequence 0 — A % BL Cc—0 of abe-
lian topological groups and continuous homomorphisms to be exact if it is exact as a
sequence of abstract groups, 0 is a homeomorphism onto its range, and 7 is an
open mapping. We use the following facts about exact sequences; the proofs are not
difficult, and we omit them.

LEMMA 1. Let 0 - A — B — C — 0 be an exact sequence, and let a: A — A'
and vy: C" — C be continuous homomovphisms. Then there exist commutative dia-
grams

0 > A > B > C —> 0
0 —> A'——> B’ > C > 0
and
0 ——> A > B" > C" > 0
Q%) idAl l I'y
Y
0 > A > B > C > 0

with exact rows.

Here B" is the fiber product of C" and B over C. This implies that the cate-
gory of abelian topological groups is a quasi-abelian category in the sense of N.
Yoneda [7].

LEMMA 2. Let
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