ON THE MILNOR-SPANIER AND ATIYAH DUALITY THEOREMS
Hans Samelson

The theorems of Milnor and Spanier [5] and of Atiyah [1] state that the Thom
spaces of certain pairs of vector bundles over a manifold are (stably) dual to each
other in the sense of Spanier and Whitehead. In this note, we give a slight but natural
generalization of these theorems, and we relate the result to Poincaré duality. For a
different approach, see P. Holm [2].

THEOREM. Let M be an m-dimensional compact manifold whose boundary oM
s the union of two manifolds A and B with 0A = 9B = A N B, and suppose that M is
embedded in R™ (the same m). Then M/A is m-dual to M/B.

Here M/A means M with A collapsed to a point; R™ is real m-space. Two
(reasonable) spaces are m-dual if they can be embedded (up to homotopy type) dis-
jointly in the sphere S™*! in such a way that for each the inclusion in the comple-
ment of the other is a stable homotopy equivalence (it is, in fact, sufficient that this
hold for one of them).

The proof goes along the lines of [1] and [5]. There are the inclusions
M CR™=R™Mx0CR™!, Define T={xe R™*l:x ., > 1} and, as usual,
I=[0,1]CR. The subset P=M X0 UAXIUT of R™*! is easily seen to be of
the homotopy type of M with a cone erected over A (T is contractible, and the con-
traction extends to a deformation of P; thus we may collapse it to a point) and thus of
the homotopy type of M/A, since M and A are ANR’s. The same is true for the
(closed) subset P' of Sm+l obtained from P by addition of the point at infinity.

We show next that the complement Q = smtl _ pt = gm*l _ p ig of the homotopy
type of M/B. We write Q as union of two subsets C and D, defined by

C=(M-A)x(0,1) and D= R™!_(TU M x 1)) U (B° x (0, 1));

here (0, 1) is the open interval, and B° means the interior B - 8B. One sees easily
that (i) D is contractible and the contraction extends to a deformation of Q, so that
Q is of the homotopy type of Q/D; (ii) C is of the homotopy type of M; and

(iii) Q/D [= C/(B° % (0, 1))] is of the homotopy type of M/B.

For this, we use an exterior collar of 9M, that is, a homeomorphism f of oM X I
onto a neighborhood of 8M in R™ - M°, with f(y, 0) = y; also a collar of B in M
that over 9B gives a collar of ¢B in A; and a similar collar for A. To prove the
existence of the exterior collar, we may have to shrink M, using an interior collar
(which exists, by M. Brown’s theorem). Now for the constructions: The first term
of D has an obvious contraction, which begins by pushing down until x,1+; < 0. To
contract all of D, we first pull B° X (0, 1) out of M X I, by moving all points
(f(y, t), X;ne1) of D in the t-direction, so that the (t, X,,+])-unit square is ‘con-
tracted onto the triangle x.,;; <t.

The open set Q contains a copy, say Q', of M with a cone erected over B: we
shrink M X 1/2 slightly, using the collar over A, and contract B to a point in D.
The inclusion Q' C Q is a stable homotopy equivalence (one sees easily, via
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