A NOTE ON THE LAGUERRE POLYNOMIALS

L. Carlitz

1. Burchnall [2] employed the operational formula

(1) (O - 227 = (D (1) By 9 D7,
where D = d/dx and
H_ (x) = (—l)nexz D" e_Xz ,
to prove the identity [3, p. 31]
min (m,n)
@) Hom®@ = 5 (27 (7) (3) 51 Hp 008, 6.
r=0
Put
(3) Lr(la)(x) = n—llx'a e* D (xO 11 e7¥) |

the Laguerre polynomial of degree n. Corresponding to (1) we shall show that

(4) II *D - x+ @ + j) = n! 2. -I—.lTxr Lflofir)(x)Dr.
j=1

r=0""

Note that the linear operators on the left of (4) commute.

To prove (4) we show first that
(5) 2,y = x"% " DI e7Fy),

where y is an arbitrary (differentiable) function of x and
n
Q,=II D - x+ a +j), Qp=1.
j=1

Clearly (5) holds for n = 0. Now
%~ X Dn—l—l (Xa+n+1 e—xy) = x~ ¥ X Dn+l (x- xatn e—xy)
= x~% X {xDPH(x¥ N e Xy} 4 (n+ 1) DP(xATR e Xy}

=x e {xDx*e*Q,y) + (n+ 1)xYe*Q,y}
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