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A point set E in the extended z-plane will be called an SD (set of divergence)
provided there exists a sequence of transformations

T,(2z) = (a,z + by)/(chz + dy)

that diverges at each z in E and converges at each z in the complement of E. In
the present paper, we give a topological characterization of the SD’s that lie on a
straight line.

We also characferize the denumerable SD’s. But for this purpose, topological
ideas are not sufficient (see [1, p. 133]), and we introduce a geometric analogue to
the concept of a limit point.

1. SETS OF DIVERGENCE ON A STRAIGHT LINE

THEOREM 1. If a set E lies on a straight line, il is an SD if and only if it is of
type Ggg-

The necessity of the condition follows immediately from the fact that the trans-
formations T, are continuous, in the extended plane.

In proving the sufficiency, we may assume, without loss of generality, that the
set E lies on the extended real axis. If E coincides with the extended real axis, it
is of type Gp; this case is covered by Theorem 3 of [1]. In the other case, we may
assume that the point z = o does not belong to E, so that E can be represented in
the form

00 0
E= UEj, Ej: nEjk’
j=1 k=1

where for each j the family {Ejk}°1:=1 constitutes a decreasing sequence of open sets

on the segment (-j/2, j/2) of the real axis. (Even if E is empty, we may assume

that none of the sets Ejx is empty.) For each index pair (j, k), we denote by {Ejkp}

the finite or denumerable family of components (ajkp, bjkp) of Ejk. With each inter-

gai Ejkp, we associate a domain Bjkp bounded by E;jx, and by arcs of the two para-
olas

(1) y = (ko) (x - ap)?, ¥ = (kp) ' (x - bjip) .

We construct a denumerable set of circular disks Djkpq (see Figure 1) with centers
Zjkpq = Xjkpq * iyjkpq! subject to the following three requirements:

Received June 14, 1958,
G. Piranian’s contribution to this paper was made under Office of Ordnance Re-
search Contract DA 20-018-ORD-13585,

205



