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1. Introduction

There is an extensive theory, due initially to Patterson and Sullivan, intertwining
the isometric, conformal, and ergodic properties of Kleinian groups. Our purpose
here is to begin to expand this theory to the setting of quasiconformal groups.
In particular, we wish to explore the connection between the Hausdorff dimen-
sion of limit sets of quasiconformal groups and the exponent of convergence of
the Poincaré series. It is well known that, for a large class of finitely generated
Kleinian groups, the Hausdorff dimension of the limit set is the exponent of con-
vergence [BiJo; S2]. We are concerned with the facet of Patterson–Sullivan the-
ory that relates the exponent of convergence to the Hausdorff dimension of the
limit set, and our techniques are primarily from the analytic theory of quasicon-
formal mappings. We will, however, directly apply techniques and results from
Patterson–Sullivan theory in the sequel to this paper [BT].

The Poincaré series of a Kleinian group has been the object of much refined
study; see, for example, [BiJo; Mc; Pa; S1; S2; Tu].

Because a quasiconformal group no longer acts isometrically on hyperbolic
space, it is to be expected that the whole of Patterson–Sullivan theory does not
generalize directly to quasiconformal groups. Thus our purpose in this paper is
twofold: we record positive results and then provide counterexamples that demon-
strate ways in which the Patterson–Sullivan theory fails for discrete quasiconfor-
mal groups.

The central part of the paper consists of Sections 4 and 5, where we provide ex-
amples to demonstrate differences between the quasiconformal and the conformal
case. We find thatthe exponent of convergence can be strictly greater than the
Hausdorff dimension of the conical limit set(Example 4.1) and thatthe Hausdorff
dimension can “jump up” in the limit on convergent sequences of quasiconformal
groups(see Example 4.2). For convergent sequences of Kleinian groups, the Haus-
dorff dimension of the limit set is lower semicontinuous (see [BiJo] and [Mc]). We
also provide an example (Example 4.3) of adiscrete quasiconformal group whose
limit set consists entirely of conical limit points; however, the group has the prop-
erty that the Hausdorff measure of the limit set at the critical dimension has zero
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