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QuermalBintegrals and Asymptotic Shape of
Random Polytopes in an Isotropic Convex Body
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1. Introduction

The aim of this work is to provide new information on the asymptotic shape of the
random polytope
Ky = conv{=%xy,...,xy} (1.1)

spanned by N independent random points x,...,xy that are uniformly distrib-
uted in an isotropic convex body K in R”. We fix N > n and further exploit the
idea of [9] to compare Ky with the L ,-centroid body Z,(K) of K for g ~ log N.
Recall that the L ,-centroid body Z,(K) of K has support function

1/q
hz,x)(x) = (-, x)lg == (/I(y,x)l"dy> ; (1.2)
K

background information on isotropic convex bodies and their L ,-centroid bodies
is given in Section 2.

This idea has its roots in previous work [11; 19; 22] on the behavior of sym-
metric random =1-polytopes, the absolute convex hulls of random subsets of the
discrete cube D; = {—1,1}". These articles demonstrated that the absolute con-
vex hull Dy = conv({%xy,...,+xy}) of N independent random points xy, ..., xy
uniformly distributed over D7 has extremal behavior—with respect to several geo-
metric parameters—among all 1-polytopes with N vertices at every scale of n,
where n < N < 2". The main source of this information is the following esti-
mate from [19] (which improves on an analogous result from [11]): for all N >
(1 + 8)n (where 6 > O can be as small as 1/logn) and forevery 0 < 8 < 1,

Dy 2 c(v/Blog(N/m B4 N Q,) (13)

with probability greater than 1 — exp(—c;n?N'=#) —exp(—c,N). Here Bj is the
Euclidean unit ball and Q, = [—1/2,1/2]" is the unit cube in R".

In a sense, the model of Dy corresponds to the study of the geometry of a ran-
dom polytope spanned by random points that are uniformly distributed in Q,,.
Starting from the observation that Z,(Q,) ~ ./gB5 N Q,, whence (1.3) can be
equivalently written in the form

Dy 2 cZgiog(nm)(Qn)s (1.4)
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