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1. Introduction

Vinogradov’s quadric is the variety defined by the pair of equations
XA +ai =y i+ ntntn =yt 4y,
which is the special case k = 2 of the more general system

Xt X1+ x3 1 =x1;+x2j+x3; 2=j<k),

. (L
xﬁl —l—xzz’] +x327] = xlz’j +x22,j —i—x_%’j 2<j<k).

In this paper, we study the distribution of integral solutions to (1). Our first result

concerns the number Vi (N) of such solutions inside the sphere

xfj a3 43, <3N 1< j<k ©)

THEOREM 1. Let k > 2 be a natural number. Then, for any real number § with
0<d< 3/2",
Vi(N) = N°Pi(log N) + O(N*7), 3)

where Py is a polynomial of degree 2¥=' — 1. In particular, P»(x) = 48(x + c),

where . 4 Ly o
‘(1 x ¢
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and where x is the nontrivial character modulo 3. Moreover,
Vo(N) = N3Pr(log N) + O(N%log N). 4)

The error term in (3) stems from the use of Weyl’s bound for {(s) and L(s, x) in
the critical strip, and it can be improved by working with a truncated version of
the Mellin integral (see equation (21) in Section 3) and with better bounds for ¢ (s)
and L(s, x). When k = 2, one can use fourth moments of these functions over
the critical line to obtain (4). If the Lindelof hypothesis were true for ¢(s) and
L(s, x), then for any k > 3 the formula (3) would hold for any § < 1.

From the point of view of arithmetic geometry it is perhaps more natural to
count solutions of (1) inside the box |x; ;| < N. Let Vk (N) denote the number
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