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Positivity of Cotangent Bundles
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1. Introduction

Let X be a projective scheme over an algebraically closed field. Given a vector
bundle & on X, we can consider various notions of positivity for &, such as ample,
nef, and big. As a particular example, consider a smooth projective variety X and
its cotangent bundle Q2y. When Qx is ample, X has some very nice properties.
For example, all subvarieties of X are of general type and X is algebraically hy-
perbolic; so, in particular, X does not contain rational or elliptic curves and there
do not exist nonconstant maps f: A — X where A is an abelian variety and X
is Kobayashi hyperbolic [3]. Requiring that the cotangent bundle be ample is cer-
tainly a very strong property, and for a long time there were few examples of such
varieties even though they were expected to be reasonably abundant. One such
example was constructed by Michael Schneider.

THEOREM 1.1 [17]. Let f: X — Y be a smooth projective nonisotrivial mor-
phism, where X and Y are smooth projective varieties over C of dimensions 2 and
1, respectively. Suppose that, forall y € Y, the Kodaira—Spencer map py,y: Ty,y —
Hl(Xy, Tx,) is nonzero. Then Qx is ample.

Note that certain Kodaira surfaces satisfy the stipulated conditions. In this paper,
we generalize Theorem 1.1 to varieties of higher dimensions. To do so, we will in-
troduce a slightly weaker notion of ampleness, which we call “quasi-ample” and
“quasi-ample with respect to an open subset U” (see Definitions 1.9 and 1.13).
Using this notion, we extend Schneider’s result to varieties of higher dimension.

THEOREM 1.2. Let
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where each X' is a smooth projective variety over C of dimension i and each
fi: X' — X'~Vis a smooth projective morphism with Var(f;) = i — 1. Then Qx»
is nef and quasi-ample with respect to an open U, (as defined precisely in Theo-
rem 2.11), and Opq,.\ (1) is a big line bundle on P(Q2xn).

We also extend this result to towers of varieties
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