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1. Introduction

This paper links two previously more or less unrelated important examples at
the intersection of the fields of transformation groups, exotic spheres, and non-
negative curvature. These two examples are the exotic Gromoll–Meyer sphere
�7 and the Brieskorn sphere W 5

3 . Several applications are drawn from the inter-
play between the Riemannian geometry of a 2-parameter family of metrics on �7

and the equivariant geometry of W 5
3 , which, surprisingly, determines the equi-

variant geometry of �7 much more than the equivariant geometry of the exotic
Brieskorn spheres W 7

6j−1,3, although the latter contain W 5
3 in a much more obvi-

ous way.
In 1974, Gromoll and Meyer [GrMy] constructed�7 as a biquotient of the com-

pact group Sp(2) and thereby the first exotic sphere with nonnegative sectional
curvature. Note that �7 can be regarded as the basic example of a biquotient
in Riemannian geometry and, simultaneously, as the basic example of an exotic
sphere. It generates the group �7 ≈ Z28 of homotopy spheres in dimension 7,
the first dimension except possibly 4 where exotic spheres can occur. Recently,
it was shown that �7 is actually the only exotic sphere that can be modeled by a
biquotient of a compact Lie group [KaZ; To].

Because of this exceptional status of the Gromoll–Meyer sphere, it seems nat-
ural to study the geometry of �7 in detail. Papers that do this from various view-
points are [D; EK; PaSp; Y; Wi], for example. Here we investigate �7 through
the interaction between symmetry arguments, submanifold stratifications, and ge-
odesic constructions. It is important, however, to note that we consider not only
the Gromoll–Meyer metric on �7 but also the entire 2-parameter family of met-
rics 〈·, ·〉µ,ν that are O(2)× SO(3) invariant by construction. This family includes
the Gromoll–Meyer metric

(
µ = ν = 1

2

)
and the pointed wiedersehen metric con-

structed in [D] (µ = ν = 1) but not the metrics of almost positive sectional curva-
ture obtained in [EK] and [Wi]. Extending the constructions of [D] and [ADPR],
we obtain the following structural information.
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