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1. Introduction

Peschl defined invariant higher-order derivatives of a holomorphic or meromorphic
function on the unit disk. Here, the invariance is concerned with the hyperbolic
metric of the source domain and the canonical metric of the target domain. Minda
and Schippers extended Peschl’s invariant derivatives to the case of general con-
formal metrics. We introduce similar invariant derivatives for smooth functions on
a Riemann surface and show a complete analogue of Faà di Bruno’s formula for
the composition of a smooth function with a holomorphic map with respect to the
derivatives. An interpretation of these derivatives in terms of intrinsic geometry
and some applications will be also given.

The uniformization theory tells us that an arbitrary Riemann surface has the nat-
ural geometry—namely, spherical, Euclidean, or hyperbolic geometry. Standard
examples are the Riemann sphere Ĉ with the spherical metric |dz|/(1 + |z|2), the
complex plane with the Euclidean metric |dz|, and the unit disk D = {z ∈ C :
|z| < 1} with the hyperbolic (or the Poincaré) metric |dz|/(1 − |z|2). For a unify-
ing treatment, we introduce the notation Cε to designate Ĉ for ε = 1, C for ε =
0, and D for ε = −1. Unless otherwise stated, we understand that Cε is equipped
with the canonical metric λε(z)|dz| = |dz|/(1+ ε|z|2). Note that λε has constant
Gaussian curvature 4ε.

For a holomorphic map f : Cδ → Cε (δ, ε = 1, 0,−1), it is more natural to con-
sider a type of invariant derivatives of f(z) associated with Cδ and Cε rather than
the usual derivatives f (n)(z) = d nf(z)/dzn. As such, commonly used is the in-
variant derivative Dnf(z) due to Peschl [Pe], which is defined by the power series
expansion
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around ζ = 0. Note that the group Isom+(Cε) of sense-preserving isometries of
Cε consists of the maps L(ζ) = η(ζ − a)/(1 + εāζ) for some a ∈ Cε and η ∈ C

with |η| = 1, where L(ζ) = −η/ζ for ε = 1 and a = ∞. For example,
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